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Solvability of the two-dimensional stationary incompressible
inhomogeneous Navier–Stokes equations with variable vis-
cosity coefficient
Zihui He and Xian Liao
Abstract. We show the existence and the regularity properties of the weak solutions to the two-dimensional
stationary incompressible inhomogeneous Navier–Stokes equations with variable viscosity coefficient, by ana-
lyzing a fourth-order nonlinear elliptic equation for the stream function. The density function and the viscosity
coefficient may have large variations. In addition, we formulate the solutions for the parallel, concentric and
radial flows respectively, and as examples we calculate the solutions with piecewise-constant viscosity coeffi-
cients explicitly.
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1. Introduction
We are going to study the two-dimensional stationary inhomogeneous incompressible Navier–Stokes equations{
div(휌푢 ⊗ 푢) − div(휇푆푢) + ∇Π = 푓,
div 푢 = 0, div(휌푢) = 0.
(1.1)
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The unknown density function 휌 ≥ 0, the unknown velocity vector field 푢 = (푢1, 푢2) ∈ ℝ2 and the unknown
pressure Π ∈ ℝ depend on the spatial variable 푥 = (푥1, 푥2) ∈ ℝ
2. The variable viscosity coefficient depends
smoothly on the density function
휇 = 푏(휌) ∈ [휇∗, 휇
∗], (1.2)
where the lower and upper bounds 휇∗, 휇
∗ are two positive constants and 푏 ∈ (ℝ; [휇∗, 휇∗]) is a given function.
The external force 푓 ∶ ℝ2 ↦ ℝ2 is given.
Let ∇ =
(
휕푥1
휕푥2
)
, then ∇푢 =
(
휕푥1푢1 휕푥2푢1
휕푥1푢2 휕푥2푢2
)
and the deformation tensor in (1.1) reads as
푆푢
def
=(∇ + ∇푇 )푢 =
(
2휕푥1푢1 휕푥2푢1 + 휕푥1푢2
휕푥2푢1 + 휕푥1푢2 2휕푥2푢2
)
.
Let div = ∇⋅ and 푢 ⊗ 푢 =
(
푢1
2 푢1푢2
푢1푢2 푢2
2
)
, then the convection term in (1.1) reads as
div (휌푢 ⊗ 푢) =
(
휕푥1(휌푢1
2) + 휕푥2 (휌푢1푢2)
휕푥1(휌푢1푢2) + 휕푥2 (휌푢2
2)
)
.
We will show the existence and the regularity properties of the weak solutions to the Navier–Stokes equa-
tions (1.1) on a two-dimensional domain Ω ⊂ ℝ2 (see Theorem 1.5 below), where Ω could be
a bounded connected 퐶1,1 domain,
or the exterior domain of a bounded connected 퐶1,1 set,
or the whole plane ℝ2.
If Ω has a boundary 휕Ω, we associate the system (1.1) with the following boundary value condition
푢|휕Ω = 푢0, (1.3)
and assume no flux through the boundary 휕Ω
∫휕Ω 푢0 ⋅ 푛 푑푠 = 0. (1.4)
In the above, 푛 = (푛1, 푛2) denotes the exterior normal to the boundary 휕Ω.
We are also interested in the special solutions to the Navier–Stokes equations (1.1), and in particular we
will formulate the solutions for the parallel, concentric and radial flows respectively:
(휌, 푢) =
(
휌(푥2), 푢1(푥2) 푒1
)
, or
(
휌(푟), 푟푔(푟) 푒휃
)
, or
(
휌(휃),
ℎ(휃)
푟
푒푟
)
. (1.5)
Here (푟, 휃) are the polar coordinates on ℝ2, 푒1 =
(
1
0
)
, 푒푟 =
(푥1
푟
푥2
푟
)
, 푒휃 =
( 푥2
푟
−
푥1
푟
)
, and 푢1, 푔, ℎ are scalar
functions satisfying three different second-order ordinary differential equations respectively (see Theorem 1.7
below for more details).
1.1. Related works
There are a few works in the literature contributing to the study of the evolutionary two-dimensional incom-
pressible inhomogeneous Navier–Stokes equation with variable viscosity coefficient
⎧⎪⎨⎪⎩
휕푡(휌푢) + div(휌푢 ⊗ 푢) − div(2휇푆푢) + ∇Π = 0, (푡, 푥) ∈ ℝ
+ × Ω,
div 푢 = 0, 휕푡휌 + div(휌푢) = 0,
휌
|||푡=0 = 휌0, (휌푢)|||푡=0 = 푚0.
(1.6)
In [29], P. L. Lions showed the global-in-timeexistence ofweak solutions (휌, 푢) ∈
(
퐿∞(ℝ+×Ω), (퐿2(ℝ+;퐻1(Ω)))2
)
of the system (1.6) under the initial condition 휌0 ∈ 퐿
∞(Ω), 푚0
휌0
∈ (퐿2(Ω))2. The uniqueness and the regularity
properties of such weak solutions is still open, even in dimension two. There are some partial results toward this
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issue, but to our best knowledge are all limited to the case where the viscosity coefficient 휇(푥) is close to some
positive constant 휈 ∈ ℝ+: ‖휇(푥) − 휈‖퐿∞(Ω) < 휀, (1.7)
where 휀 is some small enough positive constant. B. Desjardins in [11] showed the regularity property of the
velocity vector field 푢 ∈ 퐿∞(ℝ+; (퐻1(핋 2))2) for initial data 푢|푡=0 ∈ (퐻1(핋 ퟚ))2, if the smallness condition
(1.7) holds. H. Abidi and P. Zhang [2] proved the existence and uniqueness of the solution under (1.7) and
further smoothness assumptions on the density function 휌0 − 1 ∈ 퐿
2(ℝ2) ∩ 퐿∞ ∩ 푊̇ 1,푟(ℝ2), 푟 > 2. M. Paicu
and P. Zhang in [31] considered the so-called density-patch problem with piecewise-constant density function
휌0 = 휂1ퟙΩ(푥) + 휂2ퟙΩ퐶 (푥), 휂1, 휂2 ∈ ℝ
+, and showed that the 퐻3(ℝ2)-boundary regularity of the domain is
propagated by time evolution provided with (1.7). The case where 휇(푥) = 휈 is a positive constant has been
intensively studied in the past two decades, see e.g. [9, 10, 27] and the references therein. It is worth mentioning
the work [35] for the study of the compressible Navier–Stokes equations with variable viscosity coefficient.
If we consider the stationary homogeneous incompressible flow where the density function 휌 = 1 and
the viscosity coefficient 휇 = 휈 is a positive constant, then the system (1.1) becomes the following classical
stationary Navier–Stokes equations
⎧⎪⎨⎪⎩
div(푢 ⊗ 푢) − 휈Δ푢 + ∇Π = 푓, 푥 ∈ Ω,
div 푢 = 0,
푢|휕Ω = 푢0. (1.8)
It has been studied extensively in the literature, whenever the underlying domain is a connected bounded domain
Ω , or a multi-connected domain ∪푛
푖=1
Ω푖, or the exterior of a multi-connected set 푈 = (∪
푛
푖=1
Ω푖)
퐶 , or the whole
plane ℝ2, see the celebrated books [16, 26]. J. Leray [28] showed the existence of weak solutions 푢 ∈ 퐻1(Ω)
on a connected bounded domainΩ under the zero flux condition (1.4). This solvability result can be generalized
straightforward to a multi-connected domain case ∪푛
푖=1
Ω푖, if we assume no flux through the boundary of each
connected component
푖 = ∫휕Ω푖 푢0 ⋅ 푛 푑푠 = 0, ∀1 ≤ 푖 ≤ 푛. (1.9)
If we assume only the smallness of the fluxes 푖 or assume some further symmetric properties, the solvability of
the system (1.8) was also obtained, cf. [15]. On a multi-connected domain with only the zero total flux condition
(1.4), the solvability was shown by M. Korobkov, K. Pileckas and R. Russo in [25]. J. Leray in [28] studied the
system (1.8) also on an exterior domain of a multi-connected set 푈 = (∪푛
푖=1
Ω푖)
퐶 under the boundary condition
(1.9), and obtained the weak solutions 푢 ∈ 퐻̇1(푈 ) by constructing a sequence of weak solutions on the bounded
domains which converge to 푈 . If the fluxes 푖 are small, the solvability of (1.8) on 푈 was established by R.
Finn in [13]. Concerning the whole plane ℝ2 case, J. Guillod and P. Wittwer [22] showed that for any given
vector 푑 ∈ ℝ2 and a bounded positive measure set 퐷 ⊂ ℝ2, there exist solutions 푢 ∈ 퐻̇1(ℝ2) satisfying the
prescribed mean value on퐷: 푑 = 1meas(퐷) ∫퐷 푢 ∈ ℝ2. However, the existence of decaying solutions, as well as
the uniqueness and the asymptotic behaviour of the solutions on the unbounded domains are still open, see e.g.
[19, 21, 32] for further related discussions. We also mention that J. Leray in [28] studied also (1.8) in dimension
three, as well as the evolutionary classical Navier-Stokes equations (i.e. (1.6) with 휌 = 1 and 휇 = 휈, see also
the celebrated books [7, 34]).
The stationary inhomogeneous incompressible flow with constant viscosity coefficient is described by
⎧⎪⎨⎪⎩
div(휌푢 ⊗ 푢) − 휈Δ푢 + ∇Π = 푓, 푥 ∈ Ω,
div 푢 = 0, div(휌푢) = 0,
푢|휕Ω = 푢0. (1.10)
On a simply connected domain in dimension two, by using the incompressibility condition div 푢 = 0 and the
zero flux condition (1.4), the velocity vector field 푢 can be written as
푢 = ∇⟂Φ,
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where Φ is the stream function of 푢. If
휌 = 휂(Φ),
for some well-chosen function 휂 ∶ ℝ ↦ [0,∞), then the density equation div(휌푢) = 0 should be automatically
satisfied. N.N. Frolov showed in [14] the existence of solutions of the following form
(휌, 푢) = (휂(Φ),∇⟂Φ), (1.11)
where 휂 is a Hölder continuous function. More regularity results were also given there. M. Santos in [33] im-
proved this existence result to only bounded 휂-functions. M. Santos and F. Ammar-Khodja in [4, 5] considered
the unbounded Y-shape domain.
However, as far as we know, there are no such existence results of solutions to the system (1.10) in dimen-
sion three or to the system (1.1) with variable viscosity coefficient. We are going to study the system (1.1) in
dimension two in this paper and propose to study the three dimensional case in the coming works.
1.2. Main results
We study here the two dimensional stationary inhomogenous incompressible Navier-Stokes equation (1.1) with
general variable viscosity coefficient 휇 = 푏(휌) ∈ [휇∗, 휇
∗], without any smoothness or smallness assumption
on the density function 휌. We will search for the solutions of the above-mentioned form (1.11), and we will
formulate the solutions with certain symmetric properties.
We are going to consider the stream functionΦ, which satisfies a fourth-order nonlinear elliptic equation
(see (1.14) below). To our best knowledge, this is the first time such elliptic equation for the stream function has
been found.
IfΩ ⊂ ℝ2 is simply connected, by the zero flux condition (1.4) and the divergence free condition div 푢 = 0,
there exists a stream function Φ ∶ Ω → ℝ such that
푢 = ∇⟂Φ
def
=
(
휕푥2Φ
−휕푥1Φ
)
, (1.12)
and Φ satisfies the boundary value condition
휕Φ
휕푛
|||휕Ω = 푢0 ⋅ 휏, 휕Φ휕휏 |||휕Ω = −푢0 ⋅ 푛,
where 휏 = (푛2,−푛1) denotes the tangential vector field on the boundary 휕Ω. If we parametrize the boundary 휕Ω
by 훾 ∶ [0, 2휋)↦ 휕Ω such that 훾 ′(푠) = 휏(훾(푠)), then with a constant 퐶0 ∈ ℝ,
Φ|휕Ω(훾(휎)) = Φ0(훾(휎)) def= − ∫
휎
0
푢0 ⋅ 푛 푑푠 + 퐶0, 휎 ∈ [0, 2휋). (1.13)
We fix this constant 퐶0 ∈ ℝ from now on.
We apply ∇⟂⋅ =
(
휕푥2
−휕푥1
)
⋅ to the first equation in (1.1) to arrive at
∇⟂ ⋅ div (휇푆푢) = −∇⟂ ⋅ 푓 + ∇⟂ ⋅ div (휌푢 ⊗ 푢),
where the lefthand side reads as a fourth-order elliptic operator with positive variable coefficient 휇 ≥ 휇∗ > 0
on Φ:
∇⟂ ⋅ div (휇푆푢) = ∇⟂ ⋅ div
(
휇
(
2휕푥1푥2Φ (휕푥2푥2 − 휕푥1푥1 )Φ
(휕푥2푥2 − 휕푥1푥1)Φ −2휕푥1푥2Φ
))
= (휕푥2푥2 − 휕푥1푥1)
(
휇(휕푥2푥2 − 휕푥1푥1)Φ
)
+ 2휕푥1푥2(휇2휕푥1푥2Φ).
That is, the first equation in (1.1) becomes
퐿휇Φ = −∇
⟂ ⋅ 푓 + ∇⟂ ⋅ div (휌∇⟂Φ⊗∇⟂Φ), (1.14)
where 퐿휇 denotes the fourth-order elliptic operator
퐿휇 = (휕푥2푥2 − 휕푥1푥1)휇(휕푥2푥2 − 휕푥1푥1 ) + (2휕푥1푥2)휇(2휕푥1푥2).
In particular, if 휇(푥) = 휈 is a positive constant, then 퐿휈 = 휈Δ
2.
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We recall here the definition of elliptic operators in divergence form of order 2푚 (see e.g. [12]) for readers’
convenience. Let푢 = ∑|훼|,|훽|≤푚퐷훼(푎훼훽퐷훽푢)where 훼 and 훽 are multi-indices, 푢 ∶ ℝ푑 → ℝ푛 is a vector-valued
function and 푎훼훽 =
[
푎
푖푗
훼훽
(푥)
]푛
푖,푗=1
, |훼|, |훽| ≤ 푚, are 푛 × 푛 matrix-valued functions. We say that  is an elliptic
operator of 2푚th-order if there exists a constant 훿 ∈ (0, 1) such that
훿|휉|2 ≤ ∑|훼|=|훽|=푚Re
(
푎훼훽(푥)휉훽 , 휉훼
) ≤ 훿−1|휉|2,
for any 푥 ∈ ℝ푑 and 휉 =
(
휉훼
)|훼|=푚 , 휉훼 ∈ ℝ푛. Here we can rewrite 퐿휇 as
퐿휇 =휕푥1푥1휇휕푥1푥1 + 휕푥2푥2휇휕푥2푥2 − 휕푥1푥1 (휇 −
휇∗
2
)휕푥2푥2 − 휕푥2푥2 (휇 −
휇∗
2
)휕푥1푥1
+ 2휕푥1푥2(휇 −
휇∗
2
)휕푥1푥2 + 2휕푥2푥1휇휕푥2푥1
def
=
∑
|훼|=|훽|=2퐷
훼(푎
휇
훼훽
퐷훽 ),
where 휇∗, 휇
∗ > 0 are the positive lower and upper bounds for the function 휇. Then for any 휉 =
(
휉훼
)|훼|=2 , 휉훼 ∈
ℝ2 the following inequality holds:
휇∗
2
|휉|2 ≤ ∑|훼|=|훽|=2 푎휇훼훽 (푥)휉훽휉훼
=
휇∗
2
(휉2
11
+ 휉2
22
) + (휇 −
휇∗
2
)(휉11 − 휉22)
2 + 2(휇 −
휇∗
2
)휉2
12
+ 2휇휉2
21
≤ 2휇∗|휉|2.
Hence, 퐿휇 is a fourth-order elliptic operator as we can simply take 훿 = min{
휇∗
2
,
1
2휇∗
,
1
2
}.
Following Frolov’s idea in [14], we make an Ansatz
휌 = 휂(Φ),
where 휂 ∈ 퐿∞(ℝ; [휌∗, 휌
∗]) with 0 ≤ 휌∗ ≤ 휌∗ can be arbitrarily chosen, such that
div (휌푢) = div (휂(Φ)∇⟂Φ) = 0
holds in the distribution sense provided with e.g. Φ ∈ 퐻2loc(Ω).
To conclude, we have shown the following fact, which will be used for the construction of weak solutions
in this paper.
Fact. Let 퐶0 ∈ ℝ, 휂 ∈ 퐿
∞(ℝ; [0,∞)) and 푏 ∈ 퐶(ℝ; [휇∗, 휇
∗]) with 0 < 휇∗ ≤ 휇∗. If Φ solves the boundary
value problem (1.13)-(1.14) with
휌 = 휂(Φ), 휇 = (푏◦휂)(Φ), (1.15)
then the pair
(휌, 푢) =
(
휂(Φ), ∇⟂Φ
)
, (1.16)
together with the pressure term ∇Π = 푓 − div (휌푢 ⊗ 푢) + div (휇푆푢), satisfies the boundary value problem
(1.1)-(1.3)-(1.4).
We next take into account the functional framework to make the above statement more precise. We first
define weak solutions.
Definition 1.1 (Weak solutions of the Navier–Stokes equations on a bounded connected domain). Let
Ω ⊂ ℝ2 be a bounded connected 퐶1,1 domain. We say that a pair (휌, 푢) ∈ 퐿∞(Ω; [0,∞)) × 퐻1(Ω;ℝ2)
is a weak solution of the boundary value problem (1.1)-(1.3)-(1.4) with the given data 푢0 ∈ 퐻
1
2 (휕Ω;ℝ2),
푓 ∈ 퐻−1(Ω;ℝ2), if div 푢 = 0, div (휌푢) = 0 hold in Ω in the distribution sense, 푢0 = 푢|휕Ω is the trace of 푢 on 휕Ω
and the following integral identity
1
2 ∫Ω 휇푆푢 ∶ 푆푣 푑푥 = ∫Ω 휌(푢 ⊗ 푢) ∶ ∇푣 푑푥 + ∫Ω 푓 ⋅ 푣, (1.17)
holds for all 푣 ∈ 퐻1
0
(Ω;ℝ2) with div 푣 = 0. Here 퐴 ∶ 퐵
def
=
∑2
푖,푗=1퐴푖푗퐵푖푗 for the matrices 퐴 = (퐴푖푗)1≤푖,푗≤2 and
퐵 = (퐵푖푗)1≤푖,푗≤2.
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In the above, 푔 ∈ 퐻
1
2 (휕Ω) the fractional Sobolev space means that 푔 ∈ 퐿2(휕Ω) with the following norm
‖푔‖
퐻
1
2 (휕Ω)
def
= ‖푔‖퐿2(휕Ω) + (∫휕Ω ∫휕Ω |푔(푠) − 푔(푠
′)|2|푠 − 푠′|2 푑푠푑푠′
) 1
2
being finite. The Sobolev space 퐻1
0
(Ω) is defined as 퐻1
0
(Ω) = 퐶∞
0
(Ω)
‖‖
퐻1(Ω) with the norm ‖푔‖퐻1(Ω) =‖푔‖퐿2(Ω) + ‖∇푔‖(퐿2(Ω))2 , and 퐻−1(Ω) is the dual space of 퐻10 (Ω) with respect to the 퐿2(Ω) inner product.
We take the definition of the trace operator from [24] as follows.
Theorem 1.2 ([24]). We define the trace operator 푡푟 ∶ 퐶∞(Ω̄) → 퐶∞(휕Ω) by
tr(푢) = 푢|휕Ω.
If Ω is a 퐶푘−1,1 -domain and
1
2
< 푠 ≤ 푘, then the trace operator has a unique extension to a bounded linear
operator
tr ∶ 퐻푠(Ω)→ 퐻
푠− 1
2 (휕Ω)
and this extension has a continuous right inverse.
We now define the weak solutions of the elliptic equation (1.14)-(1.15) with the following boundary con-
dition
Φ|휕Ω = Φ0 ∈ 퐻 32 (휕Ω), (1.18)
where퐻
3
2 (휕Ω)
def
={푔 ∈ 퐻1(휕Ω) | ‖푔‖
퐻
3
2 (휕Ω)
= ‖푔‖퐿2(휕Ω) + ‖∇푔‖
(퐻
1
2 (휕Ω))2
< ∞}.
Definition 1.3 (Weak solutions of the elliptic equation on a bounded connected domain). Let Ω ⊂ ℝ2 be
a bounded connected 퐶1,1 domain. Let 휂 ∈ 퐿∞(ℝ; [0,∞)) and 푏 ∈ 퐶(ℝ; [휇∗, 휇
∗]) be two given functions. We
say thatΦ ∈ 퐻2(Ω) is a weak solution of the boundary value problem (1.14)-(1.15)-(1.18) with the given data
Φ0 ∈ 퐻
3
2 (휕Ω), 푓 ∈ 퐻−1(Ω;ℝ2), if Φ0 = Φ|휕Ω is the trace of Φ on 휕Ω and the following integral identity
1
2 ∫Ω 휇
(
(휕푥2푥2Φ− 휕푥1푥1Φ)(휕푥2푥2휓 − 휕푥1푥1휓) + (2휕푥1푥2Φ)(2휕푥1푥2휓)
)
푑푥
= ∫Ω 푓 ⋅ ∇
⟂휓 푑푥 + ∫Ω 휌(∇
⟂Φ⊗∇⟂Φ) ∶ ∇∇⟂휓 푑푥,
(1.19)
holds for all 휓 ∈ 퐻2
0
(Ω).
We consider also the equations on an exterior domain or on the whole plane, and we define the corre-
sponding weak solutions as follows.
Definition 1.4. (i) (Weak solutions of theNavier–Stokes equations on an exterior domain).LetΩ ⊂ ℝ2 be the
exterior domain of a bounded connected 퐶1,1 set. We say that a pair (휌, 푢) ∈ 퐿∞(Ω; [0,∞))× 퐻̇1(Ω;ℝ2)
is a weak solution of the boundary value problem (1.1)-(1.3)-(1.4) with the given data 푢0 ∈ 퐻
1
2 (휕Ω;ℝ2),
푓 ∈ 퐻−1(Ω;ℝ2), if div 푢 = 0, div (휌푢) = 0 hold in Ω in the distribution sense, 푢0 = 푢|휕Ω is the trace of 푢
on 휕Ω and the integral identity (1.17) holds for all 푣 ∈ 퐶∞
퐶
(Ω;ℝ2) with div 푣 = 0.
Here the homogeneous Sobolev space 퐻̇푘(Ω), 푘 ∈ ℕ is defined as
퐻̇푘(Ω) = {푔 ∈ 퐿2(Ω) ∶ 휕훼푔 ∈ (퐿2(Ω))푘, |훼| = 푘}.
(ii) (Weak solutions of the elliptic equation on an exterior domain). Let Ω ⊂ ℝ2 be the exterior domain of a
bounded connected 퐶1,1 set. Let 휂 ∈ 퐿∞(ℝ; [0,∞)) and 푏 ∈ 퐶(ℝ; [휇∗, 휇
∗]) be two given functions. We
say thatΦ ∈ 퐻̇2(Ω) is a weak solution of the boundary value problem (1.14)-(1.15)-(1.18) with the given
dataΦ0 ∈ 퐻
3
2 (휕Ω), 푓 ∈ 퐻−1(Ω;ℝ2), if Φ0 = Φ|휕Ω is the trace ofΦ on 휕Ω and the identity (1.19) holds
true for all Ψ ∈ 퐶∞
퐶
(Ω;ℝ).
(iii) (Weak solutions on ℝ2). We define the weak solutions of the equations (1.1) (resp. (1.14)-(1.15)) on ℝ2
as in (푖) (resp. in (ii)) without any boundary condition.
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Our main theorem concerning the existence and the regularity properties of the weak solutions to the
system (1.1) as well as to the elliptic equation (1.14) reads as follows.
Theorem 1.5. Let 휂 ∈ 퐿∞(ℝ; [0,∞)), 푏 ∈ 퐶(ℝ; [휇∗, 휇
∗]), 0 < 휇∗ ≤ 휇∗ be given.
(i) Let Ω ⊂ ℝ2 be a bounded connected 퐶1,1 domain (resp. the exterior domain of a connected 퐶1,1 set). Let
푓 ∈ 퐻−1(Ω;ℝ2) (resp. 푓 = div퐹 , where 퐹 ∈ 퐿2(Ω;ℝ2 × ℝ2)) be given. Then for any Φ0 ∈ 퐻
3
2 (휕Ω),
there exists at least one weak solution Φ ∈ 퐻2(Ω) (resp. Φ ∈ 퐻̇2(Ω)) of the boundary value problem
(1.14)-(1.15)-(1.18).
Let 퐶0 ∈ ℝ and 푢0 ∈ 퐻
1
2 (휕Ω;ℝ2) satisfy (1.4). IfΦ0 ∈ 퐻
3
2 (휕Ω) is given by (1.13) andΦ ∈ 퐻2(Ω)
(resp. Φ ∈ 퐻̇2(Ω)) is a weak solution of (1.14)-(1.15)-(1.18) given above, then the pair (1.16)
(휌, 푢) =
(
휂(Φ), ∇⟂Φ
)
(1.20)
is a weak solution of the boundary value problem (1.1)-(1.3)-(1.4) with 푢 ∈ 퐻1(Ω;ℝ2) (resp. 푢 ∈
퐻̇1(Ω;ℝ2)).
(ii) Let Ω = ℝ2 and 퐷 ⊂ Ω be a bounded subset of positive Lebesgue measure. Let 푓 = div퐹 , where 퐹 ∈
퐿2(ℝ2;ℝ2 × ℝ2). Then for any fixed vector 푑 ∈ ℝ2, there exists at least one weak solution Φ ∈ 퐻̇2(ℝ2)
of the elliptic equation (1.14) onℝ2, such that 푢 = ∇⟂Φ ∈ 퐻̇1(ℝ2;ℝ2) is a weak solution of the equation
(1.1) on ℝ2 and 1
meas(퐷)
∫
퐷
푢 = 푑.
Furthermore, ifΩ is a connected퐶2,1 domain, the function 휂 is taken to be continuous and 푓 ∈ 퐿2(Ω;ℝ2),
then for any Φ0 ∈ 퐻
5
2 (휕Ω) (resp. 푢0 ∈ 퐻
3
2 (휕Ω;ℝ2)) the weak solution Φ (resp. 푢) given in (i) belongs to
푊 2,푝(Ω) (resp.푊 1,푝(Ω;ℝ2)), for all 푝 ∈ [1,∞).
Let 푘 ≥ 2 be an integer. If Ω is a connected 퐶푘+1,1 domain, the functions 휂, 푏 ∈ 퐶푘
푏
(ℝ) = {ℎ ∈
퐶푘(ℝ) | ‖ℎ(푗)‖퐿∞ < ∞, ∀0 ≤ 푗 ≤ 푘} and 푓 ∈ 퐻푘−1(Ω;ℝ2), then for any Φ0 ∈ 퐻푘+ 32 (휕Ω) (resp. 푢0 ∈
퐻
푘+
1
2 (휕Ω)), the weak solution Φ (resp. 푢) given in (i) belongs to 푊 푘+1,푝(Ω) (resp. 푊 푘,푝(Ω;ℝ2)) for all 1 ≤
푝 < ∞. In particular, if 푘 = 2, then 푢 ∈ 푊 2,푝(Ω;ℝ2), 푝 > 2 is Lipschitz continuous.
The theorem will be proved in Section 2, and we give here some remarks on the results in Theorem 1.5.
Remark 1.6. ∙ If 휂, 푏 are positive constant functions, then the system (1.1) becomes the classical stationary
Navier-Stokes equations (1.8) and the above theorem recover the classical existence and regularity results
in [26].
∙ For 푘 ≥ 2, we can relax the hypotheses on the data 푓,Φ0 (resp. 푢0) to 푓 ∈ 푊 푘−2,푝0(Ω;ℝ2), Φ0 ∈
푊
푘+
1
2
,푝0(휕Ω) (resp. 푢0 ∈ 푊
푘−
1
2
,푝0 (휕Ω;ℝ2)), 푝0 > 2, and show that the weak solutions have the regularity
properties Φ ∈ 푊 푘+1,푝0(Ω) (resp. 푢 ∈ 푊 푘,푝0(Ω;ℝ2)).
∙ We can also consider the system (1.1) in domains of other types, following the arguments for the classical
Navier–Stokes equations (1.8).
For example, it is obvious that the existence and regularity results in Theorem 1.5 hold true on a
bounded multi-connected domain ∪푛
푖=1
Ω푖, under zero flux assumption on the boundary of each connected
component (1.9).
We can also follow the idea in [20] by J. Guillod and P. Wittwer for (1.8) on the half plane, to
show the solvability on the strip ℝ × [0, 1] by assuming small boundary value ‖푢0‖퐿∞ on the unbounded
boundaryℝ × ({0} ∪ {1}).
∙ If Ω is an unbounded domain, we denote the “boundary condition” of the solutions 푢 at infinity by 푢∞
lim|푥|→∞ 푢(푥) = 푢∞, 푢∞ ∈ ℝ2.
The existence result in Theorem 1.5 does not give the information of 푢∞. We even don’t know the existence
of decaying solutions of the Navier-Stokes system (1.1) on the exterior domain or the whole plane.
The solvability of the classical stationary Navier-Stokes equation (1.8) on the exterior domain with
푢∞ = 0 (under some symmetric assumptions) was established in e.g. [23, 36]. There are also some works
considering the asymptotic behaviors of the (general) weak solutions: In [17, 18], D. Gilbarg and H.F.
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Weinberger showed that the solutions of (1.8) satisfy lim|푥|→∞ ∫핊1 |푢|2 = ∞ or lim|푥|→∞ ∫핊1 |푢 − 푢̄|2 = 0
for some 푢̄ ∈ ℝ2, and J. Amick discussed the relation between 푢∞ and 푢̄ in [3].
In [16], Galidi showed the non uniqueness of the solutions to the classic Navier–Stokes equation
(1.8) with certain boundary condition 푢0 and 푢∞ = 0. Hence the weak solutions of the system (1.1) are
also not unique, at least in the case without any smallness or symmetric assumptions.
∙ Let 휇(푥) = 휈 be a positive constant. Then by the results in [10] there is a unique global-in-time solution
(휌, 푢) ∈ 퐿∞(ℝ+;퐿∞(Ω)) × 퐿∞(ℝ+; (퐻1
0
(Ω))2),
with
√
휌휕푡푢,∇
2푢,∇Π ∈ 퐿2(ℝ+;퐿2(Ω)) (1.21)
of the Cauchy problem (1.6) associated with the initial condition (휌0,
푚0
휌0
) ∈ 퐿∞(Ω)×퐻1
0
(Ω;ℝ2). However,
in the stationary case, one does not expect
Φ ∈ 퐻2+휖(Ω), 휖 > 0
for the solution Φ to the elliptic equation (1.14):
휈Δ2Φ = −∇⟂ ⋅ 푓 + ∇⟂ ⋅ div (휌∇⟂Φ⊗ ∇⟂Φ),
and hence not
Δ푢 = div푆푢 ∈ 퐻−1+휖(Ω), 휖 > 0
for the solution pair (휌, 푢) to the stationary Navier–Stokes system (1.1), with general bounded density
function.
We turn to study the stationary Navier-Stokes equations (1.1) under some symmetry assumptions on the
density function. We give first an observation when we write the velocity vector field 푢 = ∇⟂Φ in terms of the
stream function Φ. Let 푈 ⊂ ℝ2 be an open set and we consider another coordinate system (푦1, 푦2) on it. We
suppose that the Jacobian ∇푥푦 = (
휕푦푖
휕푥푗
)1≤푖,푗≤2 is not degenerate and we consider the stationary Navier-Stokes
system (1.1) on 푈 . If the density function depends only on 푦1
휌 = 훼(푦1),
and 훼′ ≠ 0 does not vanish, then, by formal calculations, the equation
0 = div (휌푢) = div (휌∇⟂Φ) = 훼′(∇푥푦1 ⋅ ∇
⟂
푥
푦2)휕푦2Φ = 훼
′ det
(
∇푥푦
)
휕푦2
Φ
implies thatΦ = 훽(푦1) depends also only on 푦1 on푈 . Nevertheless it is not necessary that there exists a function
휂 such that 휌 = 휂(Φ). Similarly, if Φ depends only on 푦1
Φ = 훽(푦1),
and 훽′ ≠ 0 does not vanish, then 휌 = 훼(푦1) depends also only on 푦1 and 휌 = 휂(Φ) with 휂 = 훼◦훽−1.
We formulate the solutions to the stationaryNavier-Stokes system (1.1)when assuming certain symmetries
on the density function in the following theorem. In particular, the Couette flow between a parallel channel,
the concentric flow between concentric rotating circles, or the radial flow (also called the Jeffery-Hamel flow)
between two nonparallel converging/diverging lines will be described.
Theorem 1.7. If the density function
휌 = 휌(푥2) in ℝ
2, or 휌(푟) in ℝ2∖{0}, or 휌(휃) in ℝ2∖{0}, with 휌′ ≠ 0,
where (푟, 휃) are polar coordinates inℝ2, then the velocity vector field 푢 of the stationaryNavier–Stokes equations
(1.1) reads correspondingly as
푢 = 푢1(푥2) 푒1 in ℝ
2, or 푟푔(푟) 푒휃 in ℝ
2∖{0}, or
ℎ(휃)
푟
푒푟 in ℝ
2∖{0}, (1.22)
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where 푒1 =
(
1
0
)
, 푒푟 =
(푥1
푟
푥2
푟
)
, 푒휃 =
( 푥2
푟
−
푥1
푟
)
. Let the external force 푓 = 0 in the system (1.1), then the scalar
functions 푢1, 푔, ℎ above satisfy the following three ordinary differential equations of second order respectively
휕푥2(휇휕푥2푢1) = 퐶,
휕푟(휇푟
3휕푟푔) = −퐶푟, (1.23)
휌ℎ2 + 휕휃(휇휕휃ℎ) + 4(휇ℎ) = 퐶,
where 퐶 ∈ ℝ can be arbitrarily chosen. Correspondingly the stream function
Φ = Φ(푥2) or Φ(푟) or Φ(휃)
satisfies the following elliptic equations of fourth order respectively
휕푥2푥2
(휇휕푥2푥2Φ) = 0,
휕푟푟
(
휇푟3휕푟(
1
푟
휕푟Φ)
)
= −퐶, (1.24)
휕휃휃(휇휕휃휃Φ) + 휕휃
(
휌(휕휃Φ)
2 + 4휇휕휃Φ
)
= 0.
The proof of this theorem will be given in Section 3, where we will also calculate some explicit solutions
with piecewise-constant viscosity coefficient 휇. We give here some remarks on the results in Theorem 1.7.
Remark 1.8. ∙ If 휌, 휇 are positive constants, then the solutions (1.22)-(1.23) are solutions to the classical
stationary Navier-Stokes equations (1.8).
∙ In the case 휌 = 휌(푥2) or 휌 = 휌(푟), the velocity vector field 푢 is related only to the viscosity coefficient 휇
(while not 휌). Under some Dirichlet boundary conditions the above ODEs (1.23) with given functions 휌, 휇
can be solved up to a real constant, and hence there are uncountably many solutions to the corresponding
boundary value problems of the system (1.1).
∙ If the viscosity coefficient 휇 = 휇(푥2) or 휇(푟) or 휇(휃) is a step function, then the velocity vector field 푢
(1.22)-(1.23) satisfies (see also the discussions below for ∇푢 ∉ 퐿푝
loc
(ℝ2) for 푝 large enough)
Δ푢 ∉ 퐿2
loc
(ℝ2).
In the case where 휇 = 휇(휃) is a step function, then (see (3.15) below)
div (휇푆푢) =
휕휃(휇휕휃ℎ)
푟3
푒푟 − 2
휕휃(휇ℎ)
푟3
푒휃 ∉ 퐿
2
loc
(ℝ2∖{0}).
Therefore we do not expect the regularity result (1.21) for the evolutionary Navier–Stokes system (1.6)
with piecewise-constant viscosity coeffients 휇 of large variation.
We conclude this introduction part with some further discussions on the fourth-order elliptic equation
(1.14). If the righthand of the equation (1.14) simply vanishes, that is,
퐿휇Φ = (휕푥2푥2 − 휕푥1푥1)휇(휕푥2푥2 − 휕푥1푥1 )Φ + (2휕푥1푥2 )휇(2휕푥1푥2 )Φ = 0, (1.25)
then with the function Ψ ∶ ℝ2 → ℝ satisfying(
휇(휕22 − 휕11)Φ
휇2휕12Φ
)
=
(
−2휕12Ψ
(휕22 − 휕11)Ψ
)
,
the complex value function Λ = Φ + 푖Ψ solves the following second-order Beltrami-type equation
휕2
푧̄
Λ =
1 − 휇
1 + 휇
휕2
푧
Λ, 푧 = 푥1 + 푖푥2.
This description can be compared with the first-order Beltrami equation
휕푧̄푤̃ =
1 − 휎
1 + 휎
휕푧푤̃.
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Here 푤̃ = 푢̃ + 푖푣̃ is a complex value function, where the real part 푢̃ satisfies a second-order elliptic equation of
divergence form
div(휎(푥)∇푢̃) = 0, (1.26)
and the imaginary part 푣̃ is related by 휎(푥)∇푢̃ = ∇⟂푣̃. According to [6], on a bounded domain Ω ⊂ ℝ2, there
exists a measurable function 휎 ∶ Ω ↦ { 1
퐾
, 퐾},퐾 > 1 such that the solutions 푢̃ ∈ 퐻1(Ω) to the equation (1.26)
with the boundary condition 푢̃|휕Ω = 푥1 satisfies
∫퐵 |∇푢̃|
2퐾
퐾−1 = ∞,
for any disk 퐵 ⊂ Ω. That is, 푢̃ ∉ 푊 1,푝(Ω) for any 푝 ≥ 2퐾
퐾−1
.
Following the convex integration method in [6], we can show that there exists a measurable function
휇 ∶ Ω ↦ {
1
퐾
, 퐾}, 퐾 > 1 such that the solutions Φ ∈ 퐻2(Ω) of the equation (1.25) satisfies
∫퐵 |∇2Φ|
2퐾
퐾−1 = ∞,
for any disk퐵 ⊂ Ω. Although it is not clear whether there exist functions 휂, 푏 such that 휇 = (푏◦휂)(Φ), we believe
that the weak solutions 푢 = ∇⟂Φ ∈ 퐻1(Ω) of the Navier-Stokes equation (1.1) with only bounded viscosity
coefficient 휇 do not belong to푊 1,푝(Ω) for any 푝 ≥ 푝∗, where 푝∗ < ∞ depends on the deviation |휇 − 1|.
Nevertheless, higher integrability of∇푢 holds true if the viscosity coefficient 휇 is regular (recall the results
in Theorem 1.5). In [12], D. Kim and H. Dong gave a푊 2,푝 estimate of the fourth-order linear elliptic equation
퐿휇휑 = Δ퐺 as follows (see [12] for more general results and see also [1, 30] for more classical results).
Theorem 1.9 (퐿푝-Estimate for the fourth-order elliptic equation, Theorem 8.6 in [12]). LetΩ be a bounded
퐶1 domain in ℝ2. Let 휇 ∈ [휇∗, 휇
∗], 휇∗, 휇
∗ > 0 be measurable and 퐺 ∈ 퐿푝(Ω) for some 푝 ∈ (2,∞).
If 휇 is a variably partially BMO coefficient, i.e. there exist 푅0 ∈ (0, 1] and 훾 = 훾(푝, 휇∗, 휇
∗) ∈ (0, 1∕20)
such that for any 푥 ∈ Ω and any 푟 ∈ (0,min{푅0, dist(푥, 휕Ω)∕2}) there exists a coordinate system (푦1, 푦2)
depending on 푥 and 푟 such that
1|퐵푟(푥)| ∫퐵푟(푥)
||||휇(푦1, 푦2) − 12푟 ∫
푦2+푟
푦2−푟
휇(푦1, 푠) 푑푠
||||푑푦 ≤ 훾,
then the linear fourth-order elliptic equation
퐿휇휑 = Δ퐺 in Ω
has a unique solution 휑 ∈ 푊
2,푝
0
(Ω) satisfying the 퐿푝-estimate
‖휑‖푊 2,푝(Ω) ≤ 퐶(푝, 휇∗, 휇∗, 푅0, |Ω|) ‖퐺‖퐿푝(Ω) .
In particular, 휇 is a variably partially BMO coefficient if it is continuous in one direction. If we take the
density function 휌 = ퟏ푈 + 2ퟏ푈퐶 for some 퐶
1 domain 푈 , then 휇 is regular in the tangential direction of the
boundary 휕푈 and by the proof of Theorem 1.5 and Theorem 1.9 there exists a solution (not necessarily unique)
Φ ∈ 푊 2,푝(Ω), ∀푝 ≥ 2
for the nonlinear elliptic equation (1.14). However, it is not clear whether there exists a function 휂 such that
휌 = 휂(Φ) and hence we do not know whether the obtained pair (휌,∇⟂Φ) is a solution to (1.1).
2. Proof of Theorem 1.5
In this section we are going to prove Theorem 1.5.
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By virtue of the Fact andDefinitions in Subsection 1.2, in order to prove (i), it suffices to show the existence
of theweak solutionsΦ ∈ 퐻2(Ω) (resp.Φ ∈ 퐻̇2(Ω)) of the boundaryvalue problem (1.13)-(1.14)-(1.15)-(1.18)
⎧⎪⎨⎪⎩
퐿휇Φ = −∇
⟂ ⋅ 푓 + ∇⟂ ⋅ div (휌∇⟂Φ⊗∇⟂Φ),
휌 = 휂(Φ), 휇 = (푏◦휂)(Φ),
Φ|휕Ω = Φ0,
(2.1)
where 퐿휇 denotes the following fourth-order elliptic operator
퐿휇 = (휕푥2푥2 − 휕푥1푥1)휇(휕푥2푥2 − 휕푥1푥1 ) + (2휕푥1푥2)휇(2휕푥1푥2).
Here the functions 휂 ∈ 퐿∞(ℝ; [0,∞)), 푏 ∈ 퐶(ℝ; [휇∗, 휇
∗]), 0 < 휇∗ ≤ 휇∗ and 푓 ∈ 퐻−1(Ω;ℝ2) (resp. 푓 = div퐹 ,
퐹 ∈ 퐿2(Ω;ℝ2 × ℝ2)) are given. We will focus on the solvability on a bounded connected 퐶1,1 domain in
Subsection 2.1, and the solvability on the exterior domain of a simply connected 퐶1,1 set will be achieved by
an approximation argument in Subsection 2.2.
In Subsection 2.3 we will follow the method in [22] to show the existence of weak solutions to the system
(1.1) on thewhole plane, taking the prescribedmean value 푑 = 1meas(퐷) ∫퐷 푢 on some set퐷 of positive Lebesgue
measure.
Finally more regularity results will be proved in Subsection 2.4.
2.1. The bounded domain case
Let Ω be a bounded connected 퐶1,1 domain on ℝ2.
We first treat the boundary condition Φ|휕Ω = Φ0 ∈ 퐻 32 (휕Ω). By the inverse trace Theorem 1.2 and
the Whitney’s extension Theorem, we extend Φ0 on the whole plane ℝ
2 (still denoted by Φ0) such that Φ0 ∈
퐻2(ℝ2). We then take a sequence of truncated functions 휁(푥; 훿) on the boundary 휕Ω and define
Φ훿
0
(푥) = Φ0(푥)휁(푥; 훿) ∈ 퐻
2(ℝ2). (2.2)
Here 휁(푥; 훿) is a smooth function, with 휁(푥; 훿) = 1 near 휕Ω and 휁(푥; 훿) = 0 if dist(푥, 휕Ω) ≥ 훿, such that
|휁(푥; 훿)| ≤ 퐶, |∇휁(푥; 훿)| ≤ 퐶훿−1, ∀훿 ∈ (0, 훿1],
for some fixed constant 퐶 > 0. Then
Φ훿
0
|휕Ω = Φ0|휕Ω.
Fix 훿 > 0. If Φ ∈ 퐻2(Ω) is a weak solution of the elliptic problem (2.1), then
휑훿
def
= Φ −Φ훿
0
∈ 퐻2
0
(Ω) (2.3)
satisfies
1
2 ∫Ω 휇
(
(휕22휑
훿 − 휕11휑
훿)(휕22휓 − 휕11휓) + (2휕12휑
훿)(2휕12휓)
)
푑푥
= ∫Ω 휌(∇
⟂(Φ훿
0
+ 휑훿)⊗∇⟂(Φ훿
0
+ 휑훿)) ∶ ∇∇⟂휓 푑푥 + ∫Ω 푓 ⋅ ∇
⟂휓 푑푥
−
1
2 ∫Ω 휇
(
(휕22Φ
훿
0
− 휕11Φ
훿
0
)(휕22휓 − 휕11휓) + (2휕12Φ
훿
0
)(2휕12휓)
)
푑푥,
∀휓 ∈ 퐻2
0
(Ω),
(2.4)
and vice versa. We hence search for 휑훿 ∈ 퐻2
0
(Ω) satisfying (2.4).
Fix 휑̃ ∈ 퐻2
0
(Ω) and set
휌̃훿 = 휂(Φ훿
0
+ 휑̃), 휇̃훿 = (푏◦휂)(Φ훿
0
+ 휑̃). (2.5)
We take a sequence of mollifiers (휎휖)휖 on ℝ
2, with 휎휖 = 1
휖2
휎(
⋅
휖
), 휎 ∈ 퐶∞
0
(ℝ2), ∫
ℝ2
휎 = 1, and a sequence of
mollifiers (휙휖)휖 on ℝ, with 휙
휖 =
1
휖
휙(
⋅
휖
), 휙 ∈ 퐶∞
0
(ℝ), ∫
ℝ
휙 = 1. We regularize Φ훿
0
, 휇̃훿 , 푓 (we simply extend 푓
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trivially on the whole plane) such that
Φ
훿,휖
0
= 휎휖 ∗ Φ훿
0
∈ 퐻3(ℝ2), 푓 휖 = 휎휖 ∗ 푓 ∈ 퐿2(Ω;ℝ2),
휌̃훿,휖 = 휂(Φ
훿,휖
0
+ 휑̃) ≤ 휌∗, 휇̃훿,휖 = (휙휖 ∗ 푏)((휙휖 ∗ 휂)(Φ훿,휖
0
+ 휑̃)
)
∈ 퐻2(Ω; [휇∗, 휇
∗]),
and
Φ
훿,휖
0
→ Φ훿
0
in퐻2(ℝ2), 푓 휖 → 푓 in퐻−1(Ω;ℝ2),
휌̃훿,휖
∗
⇀ 휌̃훿 and 휇̃훿,휖
∗
⇀ 휇̃훿 in 퐿∞(Ω) as 휖 → 0. (2.6)
In the following we are going to find 휑훿 ∈ 퐻2
0
(Ω) satisfying (2.4) in three steps. In Step 1 we will search
for the unique 휑 ∈ 퐻2
0
(Ω) satisfying
1
2 ∫Ω 휇̃
훿,휖
(
(휕22휑 − 휕11휑)(휕22휓 − 휕11휓) + (2휕12휑)(2휕12휓)
)
푑푥
= ∫Ω 휌̃
훿,휖(∇⟂(Φ
훿,휖
0
+ 휑̃)⊗∇⟂(Φ
훿,휖
0
+ 휑)) ∶ ∇∇⟂휓 푑푥 + ∫Ω 푓
휖 ⋅ ∇⟂휓 푑푥
−
1
2 ∫Ω 휇̃
훿,휖
(
(휕22Φ
훿,휖
0
− 휕11Φ
훿,휖
0
)(휕22휓 − 휕11휓) + (2휕12Φ
훿,휖
0
)(2휕12휓)
)
푑푥,
∀휓 ∈ 퐻2
0
(Ω).
(2.7)
This unique solution will be denoted by 휑훿,휖 . In Step 2 we will show that the map
푇 훿,휖 ∶ 휑̃ ↦ 휑훿,휖
is compact in퐻2
0
(Ω), which persists a unique fixed point (still denoted by 휑훿,휖) satisfying (2.7) with 휑̃ = 휑훿,휖 :
1
2 ∫Ω 휇̃
훿,휖
(
(휕22휑
훿,휖 − 휕11휑
훿,휖)(휕22휓 − 휕11휓) + (2휕12휑
훿,휖)(2휕12휓)
)
푑푥
= ∫Ω 휌̃
훿,휖(∇⟂(Φ
훿,휖
0
+ 휑훿,휖)⊗∇⟂(Φ
훿,휖
0
+ 휑훿,휖)) ∶ ∇∇⟂휓 푑푥 + ∫Ω 푓
휖 ⋅ ∇⟂휓 푑푥
−
1
2 ∫Ω 휇̃
훿,휖
(
(휕22Φ
훿,휖
0
− 휕11Φ
훿,휖
0
)(휕22휓 − 휕11휓) + (2휕12Φ
훿,휖
0
)(2휕12휓)
)
푑푥,
∀휓 ∈ 퐻2
0
(Ω).
(2.8)
In Step 3 we will take 휖 → 0 in the sequence {휑훿,휖} such that the limit 휑훿 satisfies (2.4), and henceΦ = Φ훿
0
+휑훿
solves the boundary value problem (2.1) on the bounded domain Ω.
Step 1 Unique solvability of (2.7).
Let 휑̃ ∈ 퐻2
0
(Ω) be given. We are going to search for 휑 ∈ 퐻2
0
(Ω) satisfying (2.7) under the following assump-
tions on the given functions:
휌̃훿,휖 = 휂(Φ
훿,휖
0
+ 휑̃) ≤ 휌∗, 휇̃훿,휖 ∈ [휇∗, 휇∗], Φ훿,휖0 ∈ 퐻2(ℝ2), 푓 휖 ∈ 퐻−1(Ω;ℝ2). (2.9)
For notational simplicity we do not indicate the upper indices 훿, 휖 explicitly in this step.
We define the inner product ⟨⋅, ⋅⟩ on the Hilbert space퐻2
0
(Ω) as follows:
⟨휑, 휓⟩ def= 1
2 ∫Ω 휇̃
(
(휕22휑 − 휕11휑)(휕22휓 − 휕11휓) + (2휕12휑)(2휕12휓)
)
푑푥. (2.10)
Then the corresponding norm ⟨⋅, ⋅⟩ 12 is equivalent to the퐻2-norm on퐻2
0
(Ω). Indeed,
휇∗푎 ≤ ⟨휑, 휑⟩ = 12 ∫Ω 휇̃
(
(휕22휑 − 휕11휑)
2 + (2휕12휑)
2
)
푑푥 ≤ 휇∗푎,
where
푎
def
=
1
2 ∫Ω
(
(휕22휑 − 휕11휑)
2 + (2휕12휑)
2
)
푑푥 ≥ 0.
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By integration by parts, for 휑 ∈ 퐻2
0
(Ω) there holds
푎 =
1
2 ∫Ω
(
(휕11휑)
2 + (휕22휑)
2 − 2휕11휑휕22휑 + (2휕12휑)
2
)
푑푥
=
1
2 ∫Ω
(
(휕11휑)
2 + (휕22휑)
2 + 2휕11휑휕22휑
)
푑푥 =
1
2 ∫Ω(휕11휑 + 휕22휑)
2 푑푥 =
1
2
‖Δ휑‖2
퐿2(Ω)
.
Thus √
휇∗
2
‖Δ휑‖퐿2(Ω) ≤ ⟨휑, 휑⟩ 12 ≤
√
휇∗
2
‖Δ휑‖퐿2(Ω), (2.11)
and hence by virtue of the equivalence of the norms ‖Δ ⋅‖퐿2(Ω) ∼ ‖ ⋅‖퐻2(Ω) on퐻20 (Ω), we have the equivalence
of the norms ⟨⋅, ⋅⟩ 12 ∼ ‖ ⋅ ‖퐻2(Ω), on퐻20 (Ω).
Notice that the lefthand side of (2.7) reads as ⟨휑, 휓⟩. We are going to show that the righthand side of (2.7)
is a linear functional on퐻2
0
(Ω)
푙(휓),
which by Riesz’s theorem defines a unique element (denoted by 퐴휑) in퐻2
0
(Ω) such that
푙(휓) = ⟨퐴휑, 휓⟩.
Then we will show that the operator 퐴 is a completely continuous operator on퐻2
0
(Ω) and the equation
휑 = 퐴휑
has a unique solution in퐻2
0
(Ω). This unique solution satisfies (2.7).
Definition of the operator 퐴. By virtue of (2.9), the righthand side of (2.7) depends linearly on 휓 and can be
bounded by (
휌∗‖Φ0 + 휑̃‖푊 1,4‖Φ0 + 휑‖푊 1,4 + ‖푓‖퐻−1 + 8휇∗‖Φ0‖퐻2)‖휓‖퐻2
≤ 퐶(휌∗ + 휇∗ + 1)(‖Φ0‖퐻2 + ‖휑̃‖퐻2 + ‖푓‖퐻−1 )(1 + ‖Φ0‖퐻2 + ‖휑‖퐻2)‖휓‖퐻2 ,
for some constant 퐶 > 0. Here we used the Sobolev’s inequality‖푔‖퐿4(Ω) ≤ 퐶‖푔‖퐻1(Ω), ∀푔 ∈ 퐻10 (Ω).
Hence the righthand side of (2.7) defines a linear functional 푙(휓) on퐻2
0
(Ω), which defines correspondingly by
Riesz’s theorem an element (denoted by 퐴휑) such that 푙(휓) = ⟨퐴휑, 휓⟩.
Complete continuity of 퐴. In order to show the complete continuity of the operator퐴, we take a weak conver-
gent sequence (휑푛) ⊂ 퐻
2
0
(Ω). By virtue of the compact embedding퐻2
0
(Ω) ↪ 푊 1,4(Ω), a subsequence (still
denoted by (휑푛)) converges strongly in푊
1,4, and hence‖퐴휑푛 − 퐴휑푚‖퐻2 = sup‖휓‖
퐻2
=1
|⟨퐴휑푛 − 퐴휑푚, 휓⟩|
= sup‖휓‖
퐻2
=1
|||∫Ω 휌̃
(
∇⟂(Φ0 + 휑̃)⊗ ∇
⟂(휑푛 − 휑푚)
)
∶ ∇∇⟂휓 푑푥
|||
≤ 퐶휌∗‖Φ0 + 휑̃‖푊 1,4‖휑푛 − 휑푚‖푊 1,4 → 0 as 푛, 푚→ ∞.
Existence of the solution of (2.7).We make use of the following Leray-Schauder’s Principle to show the exis-
tence of the solution of (2.7).
Theorem 2.1 (Leray-Schauder’s Principle). Let 퐴 be a competely continuous operator on Hilbert space퐻 .
If all possible solutions of the equation
푥 = 휆퐴푥
for 휆 ∈ [0, 1] is uniformly bounded, then the equation
푥 = 퐴푥
has at least one bounded solution.
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Indeed, if 휑 = 휆퐴휑 ∈ 퐻2
0
(Ω), then ⟨휑, 휓⟩ = 휆⟨퐴휑, 휓⟩ = 휆푙(휓) for any 휓 ∈ 퐻2
0
(Ω), and in particular
when 휓 = 휑,
⟨휑, 휑⟩ = 휆 ∫Ω 휌̃(∇⟂(Φ0 + 휑̃)⊗∇⟂(Φ0 + 휑)) ∶ ∇∇⟂휑푑푥 + 휆 ∫Ω 푓 ⋅ ∇⟂휑푑푥
−
휆
2 ∫Ω 휇̃
(
(휕22Φ0 − 휕11Φ0)(휕22휑 − 휕11휑) + (2휕12Φ0)(2휕12휑)
)
푑푥.
Notice that
∫Ω 휌̃(∇
⟂(Φ0 + 휑̃)⊗ ∇
⟂휑) ∶ ∇∇⟂휑푑푥 = ∫Ω 휌̃∇
⟂(Φ0 + 휑̃) ⋅ ∇∇
⟂휑 ⋅ ∇⟂휑푑푥
= −
1
2 ∫Ω div
(
휌̃∇⟂(Φ0 + 휑̃)
)|∇⟂휑|2 푑푥 = 0, (2.12)
where we used 휌̃ = 휂(Φ0 + 휑̃) in the last equality. We hence derive from ⟨휑, 휑⟩ = 휆푙(휑) above and ‖푔‖퐿4(Ω) ≤
퐶‖푔‖퐻1(Ω) that⟨휑, 휑⟩ ≤ 퐶휆(휌∗ + 1 + 휇∗)(‖Φ0‖퐻2 + ‖휑̃‖퐻2 + ‖푓‖퐻−1 )(1 + ‖Φ0‖퐻2)‖휑‖퐻2 .
Since the norm ⟨⋅, ⋅⟩ 12 ≥ √휇∗‖Δ ⋅ ‖퐿2(Ω) is equivalent to ‖ ⋅ ‖퐻2(Ω) on퐻20 (Ω), there is a uniform bound for all
휑 ∈ 퐻2
0
(Ω) such that 휑 = 휆퐴휑, 휆 ∈ [0, 1]:
‖휑‖퐻2 ≤ 퐶휇−1∗ (휌∗ + 1 + 휇∗)(‖Φ0‖퐻2 + ‖휑̃‖퐻2 + ‖푓‖퐻−1 )(1 + ‖Φ0‖퐻2). (2.13)
By Leray-Schauder’s Principle above, there exists a solution of 휑 = 퐴휑 in 퐻2
0
(Ω). This solution solves (2.7):⟨휑, 휓⟩ = ⟨퐴휑, 휓⟩ = 푙(휓) for all 휓 ∈ 퐻2
0
(Ω).
Uniqueness of the solution of (2.7). If there exist two solutions 휑1, 휑2 ∈ 퐻
2
0
(Ω) of (2.7), then their difference
휑̇ = 휑1 − 휑2 ∈ 퐻
2
0
(Ω) satisfies
⟨휑̇, 휓⟩ = ∫Ω 휌̃∇⟂(Φ0 + 휑) ⋅ ∇∇⟂휓 ⋅ ∇휑̇, ∀휓 ∈ 퐻20 (Ω).
Take 휓 = 휑̇, then by the calculation in (2.12) the righthand side above vanishes and hence 휑̇ = 0, i.e., 휑1 = 휑2.
Step 2 Compactness of 푇 훿,휖.
We are going to show the compactness of the operator
푇 훿,휖 ∶ 휑̃ ↦ 휑훿,휖
on퐻2
0
(Ω), where휑훿,휖 is the solution of (2.7) given in Step 1, under the following assumptions on the regularized
data:
Φ
훿,휖
0
∈ 퐻3(ℝ2), 휌̃훿,휖 = 휂(Φ
훿,휖
0
+ 휑̃) ≤ 휌∗, 휇̃훿,휖 ∈ 퐻2(Ω), 푓 휖 ∈ 퐿2(Ω;ℝ2).
Indeed, by integration by parts the first and the third integral at the righthand side of (2.7) equal to the
following two integrals respectively:
− ∫Ω 휌̃
훿,휖∇⟂(Φ
훿,휖
0
+ 휑̃) ⋅ ∇∇⟂(Φ
훿,휖
0
+ 휑훿,휖) ⋅ ∇⟂휓 푑푥;
1
2 ∫Ω(휕2 − 휕1)
(
휇̃훿,휖(휕22 − 휕11)Φ
훿,휖
0
)
(휕2 − 휕1)휓 + 2휕1
(
휇̃훿,휖(휕22 − 휕11)Φ
훿,휖
0
)
(2휕2휓) 푑푥.
Thus the righthand side of (2.7) can be bounded by
휌∗‖Φ훿,휖
0
+ 휑̃‖푊 1,4‖Φ훿,휖0 + 휑훿,휖‖퐻2‖휓‖푊 1,4 + ‖푓 휖‖퐿2‖휓‖퐻1
+ 16
(
휇∗‖Φ훿,휖
0
‖퐻3 + ‖∇휇훿,휖‖퐿4‖Φ훿,휖0 ‖푊 2,4)‖휓‖퐻1
≤ 퐶(Ω) (휌∗ + 휇∗ + 1)(‖Φ훿,휖
0
‖퐻3 + ‖휑̃‖퐻2 + ‖푓 휖‖퐿2 )
⋅ (1 + ‖Φ훿,휖
0
‖퐻2 + ‖휑훿,휖‖퐻2 + ‖휇훿,휖‖푊 1,4 )‖휓‖푊 1,4 ,
where (2.13) gives the bound on ‖휑훿,휖‖퐻2 above.
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By integration by parts the lefthand side of (2.7) reads as
∫Ω 휇̃
훿,휖
(
(휕22 − 휕11)
2휑훿,휖 + (2휕12)
2휑훿,휖
)
휓 푑푥
+ 2 ∫Ω
(
휕2휇̃
훿,휖(휕222 + 휕211)휑
훿,휖 + 휕1휇̃
훿,휖(휕122 + 휕111)휑
훿,휖
)
휓 푑푥
+ ∫Ω
(
(휕22 − 휕11)휇̃
훿,휖(휕22 − 휕11)휑
훿,휖 + (2휕12휇̃
훿,휖)(2휕12휑
훿,휖)
)
휓 푑푥,
where the last two integrals can be bounded by
16‖휑훿,휖‖퐻2(‖∇휇̃훿,휖 ⊗ 휓‖퐻1 + ‖∇2휇̃훿,휖 ⊗휓‖퐿2) ≤ 퐶‖휑훿,휖‖퐻2‖휇̃훿,휖‖퐻2‖휓‖푊 1,4 .
Notice that (푊 −1,
4
3 ((Ω))′ = 푊
1,4
0
(Ω) and 퐻2
0
(Ω) is dense in 푊 1,4
0
(Ω). By Δ2 = (휕22 − 휕11)
2 + (2휕12)
2,
we have derived from (2.7) the following bound
‖휇̃훿,휖Δ2휑훿,휖‖
푊
−1,
4
3
≤ 퐶훿,휖,
for some constant 퐶훿,휖 depending on Ω, 휌∗, 휇∗, 휇
∗, ‖Φ훿,휖
0
‖퐻3 , ‖휇̃훿,휖‖퐻2 , ‖푓 휖‖퐿2 , ‖휑̃‖퐻2 . By virtue of
‖∇3휑훿,휖‖
퐿
4
3
≤ 퐶‖Δ2휑훿,휖‖
푊
−1,
4
3
≤ 퐶‖(휇̃훿,휖)−1‖퐻2‖휇̃훿,휖Δ2휑훿,휖‖
푊
−1,
4
3
,
one has
‖휑훿,휖‖
푊
3,
4
3 (Ω)
≤ 퐶훿,휖.
Therefore by the compact embedding푊 3,
4
3 (Ω)↪ 퐻2(Ω), the map
푇 훿,휖 ∶ 퐻2
0
(Ω) ∋ 휑̃↦ 휑훿,휖 ∈ {휑훿,휖 ∈ 퐻2
0
(Ω) | ‖휑훿,휖‖
푊
3,
4
3 (Ω)
≤ 퐶훿,휖}
is compact and has a unique fixed point 휑훿,휖 satisfying (2.8).
Step 3 Passing to the limit.
Let (휑훿,휖) ∈ 퐻2
0
(Ω) be the solution of (2.8) given in Step 2. We will show that there is a uniform bound on
(‖휑훿,휖‖퐻2(Ω)). Then we can take 휖 → 0 to get the limit 휑훿 which solves (2.1).
Take 휓 = 휑훿,휖 in (2.8). Following the idea to derive (2.11) we get
the lefthand side of (2.8) ≥ 휇∗‖Δ휑훿,휖‖2퐿2 .
Following the idea to derive (2.12), the first integral on the righthand side of (2.8) can be written as
∫Ω 휌̃
훿,휖∇⟂(Φ
훿,휖
0
+ 휑훿,휖) ⋅ ∇∇⟂휑훿,휖 ⋅ ∇⟂Φ
훿,휖
0
푑푥
= ∫Ω 휌̃
훿,휖∇⟂Φ
훿,휖
0
⋅ ∇∇⟂휑훿,휖 ⋅ ∇⟂Φ
훿,휖
0
푑푥 + ∫Ω 휌̃
훿,휖∇⟂휑훿,휖 ⋅ ∇∇⟂휑훿,휖 ⋅ ∇⟂Φ
훿,휖
0
푑푥.
Therefore similar as (2.13), we derive the following bound from (2.8)
‖휑훿,휖‖2
퐻2
≤ 퐶(휌∗, 휇∗, 휇∗)
((‖Φ훿,휖
0
‖2
퐻2
+ ‖푓 휖‖퐻−1 + ‖Φ훿,휖0 ‖퐻2)‖휑훿,휖‖퐻2
+ ∫Ω 휌̃
훿,휖∇⟂휑훿,휖 ⋅ ∇∇⟂휑훿,휖 ⋅ ∇⟂Φ
훿,휖
0
푑푥
)
. (2.14)
We are going to derive a uniform bound on ‖휑훿,휖‖퐻2 by a contradiction argument. Suppose by contradic-
tion that there exists a subsequence (휑훿,휖푛) ⊂ (휑훿,휖) such that
‖휑훿,휖푛‖퐻2 → ∞.
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Let us denote 푔훿,휖푛 = 휑
훿,휖푛‖휑훿,휖푛‖
퐻2
, then the above inequality implies (noticing (2.6))
1 ≤ 퐶(휌∗, 휇∗, 휇∗, ‖Φ0‖퐻2 , ‖푓‖퐻−1 )‖휑훿,휖푛‖퐻2 + 퐶 ∫Ω|||∇⟂푔훿,휖푛 ⋅ ∇∇⟂푔훿,휖푛 ⋅ ∇⟂Φ훿,휖푛0 ||| 푑푥.
Since ‖푔훿,휖푛‖퐻2 = 1 and ‖Φ훿,휖푛0 ‖퐻2 ≤ ‖Φ0‖퐻2 , there exist subsequences (still denoted by (푔훿,휖푛) and (Φ훿,휖푛0 ))
such that
푔훿,휖푛 ⇀ 푔 in퐻2
0
(Ω), 푔훿,휖푛 → 푔 in푊 1,4(Ω), and Φ훿,휖푛
0
→ Φ훿
0
in푊 1,4(Ω).
Here the limit 푔 does not depend on 훿. Indeed, notice that
휑훿
′ ,휖 = 휑훿,휖 + Φ
훿,휖
0
− Φ
훿′ ,휖
0
solves (2.8) with 훿 replaced by 훿′. Hence ‖휑훿′ ,휖푛‖퐻2 → ∞, and
lim
푛→∞
휑훿
′ ,휖푛‖휑훿′ ,휖푛‖퐻2 = lim푛→∞
휑훿,휖푛 + Φ
훿,휖푛
0
− Φ
훿′ ,휖푛
0‖휑훿′ ,휖푛‖퐻2 = lim푛→∞
휑훿,휖푛‖휑훿′ ,휖푛‖퐻2
= lim
푛→∞
휑훿,휖푛‖휑훿,휖푛‖퐻2 = 푔, with 푔 ∈ 퐻2(Ω).
Then taking 푛 → ∞ in the above inequality we arrive at
1 ≤ 퐶 ∫Ω
|||∇⟂푔 ⋅ ∇∇⟂푔 ⋅ ∇⟂Φ훿0||| 푑푥.
Recall the definition of Φ훿
0
in (2.2). Then
|∇⟂Φ훿
0
| = |∇⟂(Φ0(푥)휁(푥; 훿))| ≤ 퐶(훿−1|Φ0| + |∇Φ0|). (2.15)
Hence with Ω훿 denoting the boundary strip of width 훿, we derive from the above inequality that
1 ≤ 퐶 ∫Ω훿
|||∇⟂푔 ⋅ ∇∇⟂푔|||(훿−1|Φ0| + |∇Φ0|) 푑푥
≤ 퐶훿−1‖∇푔‖퐿2(Ω훿)‖∇2푔‖퐿2(Ω훿 )‖Φ0‖퐿∞
+ 퐶‖∇푔‖퐿4(Ω훿)‖∇2푔‖퐿2(Ω훿 )‖∇Φ0‖퐿4(Ω훿).
(2.16)
Since by Poincaré’s inequality and 푔 ∈ 퐻2
0
(Ω) we have
‖∇푔‖퐿2(Ω훿) ≤ 퐶훿‖∇2푔‖퐿2(Ω훿), (2.17)
the above inequality yields
1 ≤ 퐶‖∇2푔‖2
퐿2(Ω훿)
‖Φ0‖퐻2 ,
where the righthand side tends to 0 as 훿 → 0. This is a contradiction.
Thus there is a constant 퐶 independent on 훿, 휖 such that
‖휑훿,휖‖퐻2(Ω) ≤ 퐶.
Hence there exists a subsequence (still denoted by 휑훿,휖) such that
휑훿,휖 → 휑훿 in푊 1,4(Ω).
We have from (2.8) furthermore
휑훿,휖 → 휑훿 in퐻2(Ω).
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Indeed, we consider the difference 휑̇훿,휖
def
= 휑훿,휖 − 휑훿,휖
′
. We take the difference between (2.8)휖 and (2.8)휖
′
and
then take 휓 = 휑̇훿,휖 to derive that
‖Δ(휑훿,휖 − 휑훿,휖′ )‖2
퐿2
(2.18)
≤ 퐶(|||∫Ω(휇̃훿,휖 − 휇̃훿,휖′ )
(
(휕22휑
훿,휖 − 휕11휑
훿,휖)(휕22휑̇
훿,휖 − 휕11휑̇
훿,휖) + (2휕12휑
훿,휖)(2휕12휑̇
훿,휖)
)
푑푥
|||
+
|||∫Ω(휌̃훿,휖 − 휌̃훿,휖′ )(∇⟂(Φ훿,휖0 + 휑훿,휖)⊗∇⟂(Φ훿,휖0 + 휑훿,휖)) ∶ ∇∇⟂휑̇훿,휖 푑푥|||
+
(‖∇(Φ훿,휖
0
+ 휑훿,휖 − Φ
훿,휖′
0
− 휑훿,휖
′
)‖퐿4 + ‖푓 휖 − 푓 휖′‖퐻−1)‖휑̇훿,휖‖퐻2
+
|||∫Ω(휇̃훿,휖 − 휇̃훿,휖′ )
(
(휕22Φ
훿,휖
0
− 휕11Φ
훿,휖
0
)(휕22휑̇
훿,휖 − 휕11휑̇
훿,휖) + (2휕12Φ
훿,휖
0
)(2휕12휑̇
훿,휖)
)
푑푥
|||
)
.
Thus 휑훿,휖 → 휑훿 in퐻2(Ω) follows from (2.6). Finally we take 휖 → 0 in (2.8), then the limit 휑훿 satisfies (2.4).
Hence Φ = 휑훿 + Φ훿
0
is a weak solution of (2.1).
2.2. The exterior domain case
Let Ω be the exterior domain of a simply connected 퐶1,1 set. Let 푁 ∈ ℕ such that Ω퐶 ⊂ 퐵푁 (0) = {푥 ∈
ℝ
2 | |푥| < 푁}. Let Ω푛 = Ω ∩ 퐵푁+푛(0) ⊂ ℝ2, then {Ω푛} is a monotonically increasing sequence which has the
exterior domainΩ as its limit. By the solvability result in Subsection 2.1, for any given 휂 ∈ 퐿∞(ℝ; [0,∞)), 푏 ∈
퐶(ℝ; [휇∗, 휇
∗]), 0 < 휇∗ ≤ 휇∗, and 푓 = div퐹 ∈ 퐻−1(Ω;ℝ2), there exists a weak solution Φ푛 ∈ 퐻2(Ω푛) of the
boundary value problem (2.1) onΩ푛 with the boundary conditionΦ푛|휕Ω = Φ0 ∈ 퐻 32 (휕Ω) andΦ푛|휕퐵푁+푛(0) = 0.
Furthermore, for any fixed small enough 훿 > 0, we can write
Φ푛 = 휑
훿
푛
+ Φ훿
0
, with 휑훿
푛
∈ 퐻2
0
(Ω푛) satisfying (2.4),
and Φ훿
0
(푥) = Φ0(푥)휁(푥; 훿) is defined in (2.2). We extend 휑
훿
푛
from Ω푛 to Ω by simply taking 휑
훿
푛
|Ω∖Ω푛 = 0 (still
denoted by 휑훿
푛
).
We are going to show that ‖휑훿
푛
‖퐻̇2(Ω) is uniformly bounded.We take 휓 = 휑훿푛 in the equation (2.4) for 휑훿푛,
to derive
1
2 ∫Ω 휇푛
(
(휕22휑
훿
푛
− 휕11휑
훿
푛
)2 + (2휕12휑
훿
푛
)2
)
푑푥
= ∫Ω 휌푛(∇
⟂(Φ훿
0
+ 휑훿
푛
)⊗ ∇⟂(Φ훿
0
+ 휑훿
푛
)) ∶ ∇∇⟂휑훿
푛
푑푥 − ∫Ω 퐹 ⋅ ∇∇
⟂휑훿
푛
푑푥
−
1
2 ∫Ω 휇푛
(
(휕22Φ
훿
0
− 휕11Φ
훿
0
)(휕22휑
훿
푛
− 휕11휑
훿
푛
) + (2휕12Φ
훿
0
)(2휕12휑
훿
푛
)
)
푑푥,
where 휌푛 = 휂(Φ푛) = 휂(휑
훿
푛
+ Φ훿
0
) and 휇푛 = 푏(휌푛). Similarly as in the derivation of (2.14), we have
‖Δ휑훿
푛
‖2
퐿2(Ω)
≤ 퐶(휌∗, 휇∗, 휇∗)
((‖Φ훿
0
‖2
퐻2
+ ‖퐹‖퐿2 + ‖Φ훿0‖퐻2)‖Δ휑훿푛‖퐿2(Ω)
+ ∫Ω 휌푛∇
⟂휑훿
푛
⋅ ∇∇⟂휑훿
푛
⋅ ∇⟂Φ훿
0
푑푥
)
.
(2.19)
By the Riesz inequality (cf. [8]), we have ‖Δ휑훿
푛
‖퐿2 ∼ ‖휑훿푛‖퐻̇2 . We are going to follow exactly the contradiction
argument in Step 3 in Subsection 2.1 to show the uniform boundedness of ‖휑훿
푛
‖퐻̇2(Ω) and hence we will just
sketch the proof. Suppose by contradiction that there exists a subsequence (휑훿
푘푛
) ⊂ (휑훿
푛
) such that
‖Δ휑훿
푘푛
‖퐿2(Ω) → ∞, as 푘푛 → ∞.
Denote 푔훿
푘푛
=
휑훿
푘푛‖Δ휑훿
푘푛
‖
퐿2(Ω)
, then ‖Δ푔훿
푘푛
‖퐿2(Ω) = 1, tr(푔훿푘푛)|휕Ω = 0 and there exist a subsequence (still denoted by
(푔훿
푘푛
)) and 푔 ∈ 퐻̇2(Ω) with tr(푔)|휕Ω = 0 such that
푔훿
푘푛
⇀ 푔 in 퐻̇2(Ω), as 푘푛 → ∞.
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Here the limit function 푔 does not depend on 훿. Recall that Ω훿 is the boundary strip of width 훿. By Poincaré’s
inequality we obtain 푔훿
푘푛
|Ω훿 ⇀ 푔|Ω훿 in 퐻2(Ω훿) and by Sobolev embedding 푔훿푘푛 |Ω훿 → 푔|Ω훿 in 푊 1,4(Ω훿). We
take 푘푛 → ∞ in (2.19) to derive that
1 ≤ 퐶 ∫Ω훿
|||∇⟂푔 ⋅ ∇∇⟂푔 ⋅ ∇⟂Φ훿0||| 푑푥.
By using the same estimates (2.15)-(2.16)-(2.17) we arrive at
1 ≤ 퐶‖Δ푔‖2
퐿2(Ω훿)
‖Φ0‖퐻2 ,
where the righthand side tends to 0 as 훿 → 0. This is a contradiction.Hence there exists a constant퐶 independent
of 훿 such that ‖휑훿
푛
‖퐻̇2(Ω) ≤ 퐶.
Then there exists a subsequence (still denote by (휑훿
푛
)) convergingweakly to a limit휑훿 in 퐻̇2(Ω), with tr |휕Ω(휑훿) =
0. Let
Φ = Φ훿
0
+ 휑훿 ,
then Φ푛 = Φ
훿
0
+ 휑훿
푛
⇀ Φ in 퐻̇2(Ω). By Poincaré’s inequality and a Cantor diagonal argument, there exists a
subsequence (still denoted by (Φ푛)) such that
Φ푛 → Φ a.e. in Ω and 휌푛
∗
⇀ 휌 = 휂(Φ), 휇푛
∗
⇀ 푏(휌) = 휇 in 퐿∞(Ω) as 푛→ ∞.
We are going to show that Φ is a weak solution of the equation (2.1) on the exterior domain Ω. Fix any
test functionΨ ∈ 퐶∞
푐
(Ω). Then there exists a ball containingΩ퐶 ∪ Supp(Ψ) and without loss of generality we
suppose it to be 퐵1(0). Let 푉 = 퐵1(0) ∩ Ω, then, up to a subsequence,
휑훿
푛
→ 휑훿 in퐻2(푉 ).
Indeed,we take a smooth cutoff function휒 with 휒 = 1 on퐵1(0) and 휒 = 0 outside퐵2(0). We take the difference
between the equation (2.4) for 휑훿
푛
and the equation (2.4) for 휑훿
푚
and then take 휓 = 휒휑훿
푛,푚
, 휑훿
푛,푚
= 휑훿
푛
−휑훿
푚
. We
arrive at the following inequality similar as (2.18)
1
2 ∫퐵2(0)∩Ω 휇푛
(
(휕22 − 휕11)휑
훿
푛,푚
(휕22 − 휕11)(휒휑
훿
푛,푚
) + 2휕12(휑
훿
푛,푚
)2휕12(휒휑
훿
푛,푚
)
)
≤ |||∫퐵2(0)∩Ω(휇푛 − 휇푚)
(
(휕22 − 휕11)휑
훿
푚
(휕22 − 휕11)(휒휑
훿
푛,푚
) + 2휕12(휑
훿
푚
)2휕12(휒휑
훿
푛,푚
)
)
푑푥
|||
+
|||∫
퐵2(0)∩Ω
(
휌푛∇
⟂Φ푛 ⊗ ∇
⟂Φ푛 − 휌푚∇
⟂Φ푚 ⊗∇
⟂Φ푚
)
∶ ∇∇⟂(휒휑훿
푛,푚
) 푑푥
−
1
2 ∫퐵2(0)∩Ω(휇푛 − 휇푚)
(
(휕22 − 휕11)Φ
훿
0
(휕22 − 휕11)(휒휑
훿
푛,푚
) + (2휕12Φ
훿
0
)2휕12(휒휑
훿
푛,푚
)
)
푑푥
|||.
The lefthand side above is bigger than
1
2 ∫푉 휇푛
((
(휕22 − 휕11)휑
훿
푛,푚
)2
+
(
2휕12(휑
훿
푛,푚
)
)2)
−
|||∫퐵2(0)∖퐵1(0) 휇푛
(
(휕22 − 휕11)휑
훿
푛,푚
(
(휕22 − 휕11)휒휑
훿
푛,푚
+ 2(휕2휒휕2휑
훿
푛,푚
− 휕1휒휕1휑
훿
푛,푚
)
)
+ 2휕12휑
훿
푛,푚
(2휕12휒휑
훿
푛,푚
+ 2휕1휒휕2휑
훿
푛,푚
+ 2휕2휒휕1휑
훿
푛,푚
))|||.
As up to a subsequence we may assume
휑훿
푛,푚
→ 0 in퐻1(퐵2(0) ∩ Ω), Φ푛 − Φ푚 → 0 in푊
1,4(퐵2(0) ∩ Ω) as 푛, 푚→ ∞,
we have 휑훿
푛,푚
→ 0 in 퐻2(푉 ). Therefore Φ푛 → Φ in 퐻
2(푉 ), and the limit Φ (together with the limits 휌, 휇)
satisfies the integral equality (1.19). AsΨ ∈ 퐶∞
푐
(Ω) has been chosen arbitrarily,Φ is a weak solution of equation
(2.1) on Ω.
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2.3. The whole plane case
We follow the idea in [22] to prove (ii) in Theorem 1.5. We take a bounded simply connected 퐶1,1 domain
푈 ⊃ 퐷 and we make an Ansatz
푢 = 푑 +푤 − 푤̄,
where푤 ∈ 퐻1
0
(푈 ), div푤 = 0 and 푤̄ = 1meas(퐷) ∫퐷푤. In other words, if 훾 is the stream function of 푤, then
푢 = ∇⟂훾̃ , 훾̃ = 훾 + (푑 − 푤̄) ⋅ (푥2 − 푥1)
푇 , 푤̄ =
1
meas(퐷) ∫퐷 ∇
⟂훾 ∈ ℝ2.
We then search for 훾 ∈ 퐻2
0
(푈 ) satisfying
1
2 ∫푈 휇
(
(휕22훾 − 휕11훾)(휕22휓 − 휕11휓) + (2휕12훾)(2휕12휓)
)
푑푥
= ∫푈 휌(∇
⟂훾̃ ⊗ ∇⟂훾̃) ∶ ∇∇⟂휓 푑푥 − ∫푈 퐹 ⋅ ∇∇
⟂휓 푑푥, ∀휓 ∈ 퐻2
0
(푈 ;ℝ),
where 휌 = 휂(훾̃) and 휇 = 푏(휌). Such 훾 exists by Subsection 2.1, and hence there exists 푤 ∈ 퐻1
0
(푈 ) satisfying
1
2 ∫푈 휇푆푤 ∶ 푆푣 푑푥 = ∫푈 휌(푤 + 푑 − 푤̄)⊗ (푤 + 푑 − 푤̄) ∶ ∇푣 푑푥 − ∫푈 퐹 ⋅ ∇푣 푑푥 (2.20)
for any 푣 ∈ 퐻1
0
(푈 ;ℝ2) with div 푣 = 0. By taking 푣 = 푤 in (2.20), we obtain‖푤‖퐻̇1(푈 ) ≤ 퐶(휇∗)‖퐹‖퐿2(ℝ2). (2.21)
And we arrive at a weak solution 푢 = 푑 +푤 − 푤̄ of the system (1.1) on the set 푈 .
As in Subsection 2.2, we take the approximation argument to show the existence of the solution on the
whole plane ℝ2. Indeed, if we take 푈 = 퐵푛(0) in the above, then we have arrived at a weak solution of (1.1) in
퐵푛(0):
푢푛 = 푑 +푤푛 −푤푛 ∈ 퐻̇
1(퐵푛(0)), with 푤푛 ∈ 퐻
1
0
(퐵푛(0);ℝ
2) and
1
meas(퐷) ∫퐷 푢푛 = 푑.
We extend푤푛 trivially toℝ
2 (that is, we simply take푤푛 = 0 outside퐵푛(0)) and take 푢푛 = 푑−푤푛 outside퐵푛(0).
Let
휏푛 = 푤푛 −푤푛 with ∫퐷 휏푛 = 0, such that 푢푛 = 푑 + 휏푛,
then ‖휏푛‖퐻̇1(ℝ2) = ‖푤푛‖퐻̇1(ℝ2) ≤ 퐶(휇∗)‖퐹‖퐿2(ℝ2).
Let 푣 ∈ 퐶∞
푐
(ℝ2;ℝ2)with div 푣 = 0 be any test function, then there exists푁 ∈ ℕ such that Supp(푣)∪퐷 ⊂
퐵푁 (0). By the above uniform bound on (휏푛), there exists a subsequence (still denoted by (휏푛)) such that 휏푛 ⇀ 휏
in 퐻̇1(ℝ2) as 푛 → ∞, and in 퐻1(퐵푁 (0)) by Poincaré’s inequality. Thus 푢푛 ⇀ 푢 in 퐻
1(퐵푁 (0)), and up to a
subsequence its stream function sequence 훾̃푛 → 훾̃ in 푊
1,4(퐵푁 (0)) ⊂ 퐶
1∕2(퐵푁 (0)). Hence 휌푛 = 휂(훾̃푛)
∗
⇀ 휌,
휇푛 = 푏(휌푛)
∗
⇀ 휇 in 퐿∞(퐵푁 (0)). Exactly as the end of Subsection 2.2, 푢푛 → 푢 in 퐻
1(퐵푁 (0)). Thus the limits
푢, 휌, 휇 satisfy the integral equality (2.20) for given test function 푣, and hence 푢 is a weak solution of equation
(1.1) on ℝ2.
2.4. More regularity results
In this subsection we prove the regularity results in Theorem 1.5 in the cases when 휂 is continuous and when
휂 ∈ 퐶푘
푏
, 푘 ≥ 2, respectively.
Case when 휂 is continuous
If Ω is a connected 퐶2,1 domain, then we can extend the function Φ0 ∈ 퐻
5
2 (휕Ω) to the whole plane (still
denoted by Φ0) such thatΦ0 ∈ 퐻
3(ℝ2) with compact support. Since the weak solution obtained in Subsection
2.1 Φ ∈ 퐻2(Ω) ⊂ 퐶훼(Ω), ∀훼 ∈ (0, 1), then
휌 = 휂(Φ) and 휇 = 푏(휌) ∈ 퐶푏(Ω),
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if 휂 is continuous. Since 푓 ∈ 퐿2(Ω;ℝ2) and퐻1(Ω)↪ 퐿푝(Ω), ∀푝 ∈ [2,∞), we can rewrite the elliptic equation
(2.1) as the fourth-order elliptic equation for 휑 = Φ −Φ0 ∈ 퐻
2
0
(Ω):
퐿휇휑 = Δ퐺,
with
퐺 = −Δ−1∇⟂ ⋅ 푓 + Δ−1∇⟂ ⋅ div (휌∇⟂Φ⊗∇⟂Φ) − Δ−1퐿휇(Φ0) ∈ 퐿
푝(Ω), ∀푝 ∈ [2,∞).
By the퐿푝 estimate for the above fourth-order elliptic equation in Theorem 1.9, we have휑 ∈ 푊 2,푝
0
(Ω) and hence
Φ = Φ0 + 휑 ∈ 푊
2,푝(Ω) for all finite 푝.
Case when 휂 ∈ 퐶푘
푏
, 푘 ≥ 2
If Ω is a connected 퐶푘+1,1 domain and we assume the boundary condition Φ0 ∈ 퐻
푘+
3
2 (휕Ω), then the above
extended function Φ0 ∈ 퐻
푘+2(ℝ2) ⊂ 푊 푘+1,푝(ℝ2), ∀푝 ≥ 2 with compact support. If 휂, 푏 ∈ 퐶푘
푏
and Φ ∈
푊 푘,푝(Ω), for 푘 ≥ 2, ∀푝 > 2, then (noticing푊 1,푝(Ω) ⊂ 퐿∞(Ω))
휌 = 휂(Φ), 휇 = 푏(휌) ∈ 푊 푘,푝(Ω), ∀2 < 푝 < ∞.
We notice
푔ℎ ∈ 푊 푚,푝(Ω), if 푔, ℎ ∈ 푊 푚,푝(Ω), 푚 ≥ 1, 푝 > 2,
푔ℎ ∈ 푊 푛,푝(Ω), if 푔 ∈ 푊 푚,푝(Ω), ℎ ∈ 푊 푛,푝(Ω), 0 ≤ 푛 < 푚, 푝 > 2.
Then for any fixed 휓 ∈ 푊 3−푘,푞(Ω), 1 < 푞 < 2,
∇2휇 휓 ∈ 푊 2−푘,푞(Ω), ∇휇 휓 ∈ 푊 3−푘,푞(Ω), (2.22)
휌∇2휓 ∈푊 1−푘,푞(Ω), 휇−1휓 ∈ 푊 3−푘,푞(Ω), 퐿휇(Φ0) ∈ 푊
푘−3,푝(Ω).
Here we used Sobolev embedding, Hölder inequality and the duality 푊 푚,푝
0
(Ω) = (푊 −푚,푞(Ω))′, 1
푝
+
1
푞
= 1,
푚 ≥ 1.
As Φ ∈ 푊 2,푝(Ω) is proved in the case when 휂 is continuous, it suffices to show Φ ∈ 푊 푘+1,푝(Ω) if
Φ ∈ 푊 푘,푝(Ω), ∀2 < 푝 < ∞. We rewrite the elliptic equation (2.1) as follows:
Δ2휑 = 휇−1
(
−(휕22 − 휕11)휇(휕22 − 휕11)휑 − 2휕2휇(휕222 − 휕112)휑 + 2휕1휇(휕122 − 휕111)휑
− (2휕12)휇(2휕12)휑 − 2휕1휇(2휕122)휑 − 2휕2휇(2휕112)휑 − 퐿휇(Φ0)
− ∇⟂ ⋅ 푓 + ∇⟂ ⋅ div (휌∇⟂Φ⊗ ∇⟂Φ)
)
, 휑 = Φ −Φ0 ∈ 푊
푘,푝
0
(Ω).
By view of (2.22), the 퐿2(Ω)-inner product between the righthand side and 휓 ∈ 푊 3−푘,푞(Ω), ∀1 < 푞 < 2 is
finite. Thus 휑 ∈ 푊 푘,푝
0
(Ω) satisfies Δ2휑 ∈ 푊 푘−3,푝(Ω), ∀2 < 푝 < ∞, and hence Φ = Φ0 + 휑 ∈ 푊
푘+1,푝(Ω).
3. Proof of Theorem 1.7 and some explicit solutions
In this section we will prove Theorem 1.7 in the following three cases separately
∙ Case 휌 = 휌(푥2) depending only on the vertical variable 푥2;
∙ Case 휌 = 휌(푟) depending only on the radial variable 푟 =
√
푥2
1
+ 푥2
2
;
∙ Case 휌 = 휌(휃) depending only on the angular variable 휃 = arctan(푥2∕푥1).
We will also calculate the solution 푢 ∈ 퐻1loc(ℝ
2∖{0}) explicitly when the viscosity coefficient 휇 = 푏(휌) is taken
to be some specific step function.
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3.1. Case 휌 = 휌(푥2)
Proposition 3.1. If 휌 = 휌(푥2) with 휌
′ ≠ 0, then the velocity field 푢 of the stationary Navier–Stokes equations
(1.1) reads as
푢 = 푢1(푥2) 푒1,
with 푒1 =
(
1
0
)
, such that
휌(푢 ⋅ ∇)푢 = 0 ∈ ℝ2, div (휇(푆푢)) = 휕푥2 (휇휕푥2푢1) 푒1, Δ푢 = (휕푥2푥2푢1) 푒1.
If furthermore the external force 푓 = 0 in the equations (1.1), then the scalar function 푢1 satisfies
휕푥2(휇휕푥2푢1) = 퐶, (3.1)
where 퐶 ∈ ℝ can be any real constant, and the pressure term reads as ∇Π = −퐶 푒1.
Proof. If 휌 = 휌(푥2) with 휌
′ ≠ 0, then the equations div (휌푢) = 0 and div 푢 = 0 imply that 푢2 = 0 and 휕푥1푢1 = 0.
Thus 푢1 = 푢1(푥2).
If 푓 = 0, then the system (1.1) reads as(
−휕푥2 (휇휕푥2푢1) + 휕푥1Π
휕푥2Π
)
=
(
0
0
)
.
The equation 휕푥2Π = 0 implies Π = Π(푥1). Thus there exists a constant 퐶 ∈ ℝ such that
휕푥2 (휇휕푥2푢1) = −휕푥1Π = 퐶.
□
Example of a piecewise-constant viscosity coefficient
If (휌, 푢) =
(
휌(푥2), 푢1(푥2) 푒1
)
(not necessarily 휌′ ≠ 0) solves the system (1.1) with 푓 = 0, then 푢 satisfies (3.1).
In particular, with the following viscosity coefficient 휇
휇 = 휇(푥2) = 2ퟙ{푥2>0} + ퟙ{푥2≤0}, (3.2)
we have
휕푥2
푢 = 푢1
′(푥2) 푒1 =
((퐶
2
푥2 +
퐶1
2
)
ퟙ{푥2>0}
+
(
퐶푥2 + 퐶1
)
ퟙ{푥2≤0}
)
푒1, (3.3)
and hence
푢′′
1
(푥2) =
퐶
2
ퟙ{푥2>0}
+ 퐶ퟙ{푥2<0} −
퐶1
2
훿0(푥2) ∉ 퐿
2
loc(ℝ) for 퐶1 ≠ 0.
There exists a real constant 퐶2 ∈ ℝ such that 푢 ∈ 퐻
1
loc(ℝ
2) reads as
푢 =
((퐶
4
푥2
2
+
퐶1
2
푥2 + 퐶2
)
ퟙ{푥2>0}
+
(퐶
2
푥2
2
+ 퐶1푥2 + 퐶2
)
ퟙ{푥2≤0}
)
푒1. (3.4)
If we consider the Couette flow on the strip ℝ × [−1, 1] with the boundary conditions
푢|ℝ×{±1} = 푎± 푒1 ∈ ℝ2, (3.5)
then there hold only two equalities for the three constants 퐶, 퐶1, 퐶2
퐶 = 4(푎− − 푎+) + 6퐶1, 퐶2 = 2푎+ − 푎− − 2퐶1, 퐶1 ∈ ℝ.
Hence there are uncountably many solutions with the density function
휌(푥2) = 푏
−1(2)ퟙ{푥2>0} + 푏
−1(1)ퟙ{푥2≤0}, (3.6)
and the velocity vector field (3.4) to the boundary value problem (1.1)-(3.5). 1
1For the homogeneous flow 휇 = 1, the velocity vector field in the form of 푢1(푥2) 푒1 reads as 푢 =
(퐶
2
푥2
2
+ 퐶1푥2 + 퐶2
)
푒1 with 퐶1 =
푎+−푎−
2
,
퐶
2
+ 퐶2 =
푎++푎−
2
.
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It is easy to see that if 푎+ < 푎− < 2푎+ and 0 < 퐶1 <
2푎+−푎−
2
, then 퐶, 퐶2 > 0 and 푢1(푥2) > 0 for
푥2 ∈ [−1, 1]. Hence 휕푥2Φ = 푢1 > 0 and there exists a constant 퐶3 ∈ ℝ such that the stream function
Φ =
( 퐶
12
푥3
2
+
퐶1
4
푥2
2
+ 퐶2푥2 + 퐶3
)
ퟙ{푥2>0}
+
(퐶
6
푥3
2
+
퐶1
2
푥2
2
+ 퐶2푥2 + 퐶3
)
ퟙ{푥2≤0}
is a strictly increasing function from [−1, 1] to [Φ−,Φ+], where
Φ− = Φ(−1) =
3
2
퐶1 + 퐶3 −
4
3
푎+ +
1
3
푎−, Φ+ = Φ(1) = −
5
4
퐶1 + 퐶3 +
5
3
푎+ −
2
3
푎−.
Then the pair (3.6)-(3.4) is a solution of the system (1.1) in the form of (1.20) with
휂(푦) =
{
푏−1(2) if 푦 ∈ (퐶3,Φ+],
푏−1(1) if 푦 ∈ [Φ−, 퐶3].
3.2. Case 휌 = 휌(푟)
We are going to take the polar coordinate (푟, 휃) on the plane ℝ2, with
(푥1, 푥2) = (푟 cos 휃, 푟 sin 휃).
Then
∇푥 = 푒푟휕푟 −
푒휃
푟
휕휃 , ∇
⟂
푥
=
푒푟
푟
휕휃 + 푒휃휕푟, with 푒푟 =
(푥1
푟푥2
푟
)
, 푒휃 =
( 푥2
푟
−
푥1
푟
)
.
Proposition 3.2. We consider the stationary Navier-Stokes system (1.1) on ℝ2∖{0}. If 휌 = 휌(푟) with 휌′ ≠ 0,
then the velocity field 푢 reads as
푢 = 푟푔(푟)푒휃, (3.7)
for some scalar function 푔, such that
휌(푢 ⋅ ∇)푢 = −푟휌푔2푒푟, div (휇(푆푢)) =
휕푟(푟
3휇휕푟푔)
푟2
푒휃 , Δ푢 = (푟휕푟푟푔 + 3휕푟푔)푒휃. (3.8)
If furthermore the external force 푓 = 0 in the equations (1.1), then the scalar function 푔 satisfies
휕푟(푟
3휇휕푟푔) = −퐶푟, (3.9)
where 퐶 ∈ ℝ can be any real constant, and the pressure term reads as ∇Π = 푟휌푔2푒푟 −
퐶
푟
푒휃 .
Proof. If 휌 = 휌(푟) with 휌′ ≠ 0, then the equations div (휌푢) = 0 and div 푢 = 0 imply that 푢 ⋅ 푒푟 = 0 and hence
푢 = 푔1(푟, 휃)푒휃 for some scalar function 푔1. The incompressibility div 푢 = 0 then implies (휕푟푔1)푒푟 ⋅푒휃−(휕휃푔1)
푒휃
푟
⋅
푒휃 = 0, that is, 휕휃푔1 = 0. Thus 푢 = 푔1(푟)푒휃.
Let
푔(푟) =
푔1(푟)
푟
, such that 푢 = 푟푔(푟)푒휃,
then it is straightforward to calculate
∇푢 =
⎛⎜⎜⎝
푟푔′
푥1푥2
푟2
푔 + 푟푔′
푥2
2
푟2
−푔 − 푟푔′
푥2
1
푟2
−푟푔′
푥1푥2
푟2
⎞⎟⎟⎠ , 푆푢 = ∇푢 + ∇
푇 푢 = 푟푔′
⎛⎜⎜⎝
2
푥1푥2
푟2
푥2
2
−푥2
1
푟2
푥2
2
−푥2
1
푟2
−2
푥1푥2
푟2
⎞⎟⎟⎠ ,
and the quantities in (3.8). Thus the system (1.1) with 푓 = 0 reads as(
−푟휌푔2 + 휕푟Π
)
푒푟 +
(
−
휕푟(푟
3휇휕푟푔)
푟2
−
1
푟
휕휃Π
)
푒휃 = 0. (3.10)
Since 휇 = 휇(푟) and 푔 = 푔(푟), we derive from the above equation (3.10) in the 푒휃-direction that 휕휃Π = 훼(푟),
where 훼 is a function depending only on 푟. Then Π has the form Π(푟, 휃) = 훼(푟)휃 + 훽(푟), where 훽 is a function
depending only on 푟. The above equation (3.10) in the 푒푟-direction implies that 휕푟Π depends only on 푟 and hence
훼(푟) = 퐶 is a constant, such that
Π(푟, 휃) = 퐶휃 + 훽(푟).
We substitute 휕휃Π = 퐶 into the equation (3.10) to obtain (3.9). □
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Example of a piecewise-constant viscosity coefficient
If (휌, 푢) = (휌(푟), 푟푔(푟)푒휃) (not necessarily 휌
′ ≠ 0) solves the system (1.1) with 푓 = 0, then 푢 satisfies (3.9). In
particular, with the following viscosity coefficient 휇
휇 = 휇(푟) = 2ퟙ{0<푟<1} + ퟙ{푟≥1}, (3.11)
we have
휕푟푔 =
−
퐶
2
푟2 + 퐶1
휇푟3
=
(
−
퐶
4
1
푟
+
퐶1
2
1
푟3
)
ퟙ{0<푟<1} +
(
−
퐶
2
1
푟
+ 퐶1
1
푟3
)
ퟙ{푟≥1}, 퐶, 퐶1 ∈ ℝ.
There exists a constant 퐶2 ∈ ℝ such that
푔(푟) =
(
−
퐶
4
ln 푟 −
퐶1
4
(
1
푟2
− 1) + 퐶2
)
ퟙ{0<푟<1} +
(
−
퐶
2
ln 푟 −
퐶1
2
(
1
푟2
− 1) + 퐶2
)
ퟙ{푟≥1}. (3.12)
If we consider the concentric flow on the annulus {푥 ∈ ℝ2 | 1
2
≤ |푥| ≤ 2} and suppose the boundary conditions
푢|
{푥||푥|= 1
2
}
=
1
2
푔−푒휃|{푥||푥|= 1
2
}
, 푢|{푥||푥|=2} = 2푔+푒휃|{푥||푥|=2}, (3.13)
then
퐶 =
(
3 ln 2
4
)−1
(
9
8
퐶1 − 푔+ + 푔−), 퐶2 =
1
3
(
9
8
퐶1 + 푔+ + 2푔−), 퐶1 ∈ ℝ.
Hence the density function
휌 = 휌(푟) = 푏−1(2)ퟙ{0<푟<1} + 푏
−1(1)ퟙ{푟≥1} (3.14)
and the velocity vector field 푢 = 푟푔푒휃 with 푔 given in (3.12) is a solution of the boundary value problem (1.1)-
(3.13). We can follow the argument at the end of Case 휌 = 휌(푥2) to find the function 휂 such that 휌 = 휂(Φ),
provided with more restrictions on 푔−, 푔+, 퐶1. We leave this to interested readers.
3.3. Case 휌 = 휌(휃)
We take the polar coordinate as in Subsection 3.2.
Proposition 3.3. We consider the stationary Navier-Stokes system (1.1) on ℝ2∖{0}. If 휌 = 휌(휃) with 휌′ ≠ 0,
then the velocity field 푢 reads as
푢 =
ℎ(휃)
푟
푒푟,
for some scalar function ℎ, such that
휌(푢 ⋅ ∇)푢 = −휌
ℎ2
푟3
푒푟, div (휇(푆푢)) =
휕휃(휇휕휃ℎ)
푟3
푒푟 − 2
휕휃(휇ℎ)
푟3
푒휃 ,
Δ푢 =
휕휃휃ℎ
푟3
푒푟 − 2
휕휃ℎ
푟3
푒휃 .
(3.15)
If furthermore the external force 푓 = 0 in the equations (1.1), then the scalar function ℎ satisfies
휌ℎ2 + 휕휃(휇휕휃ℎ) + 4(휇ℎ) = 퐶, (3.16)
where 퐶 ∈ ℝ can be any real constant, and the pressure term reads as ∇Π =
−4휇ℎ+퐶
푟3
푒푟 −
2휕휃 (휇ℎ)
푟3
푒휃 .
Proof. If 휌 = 휌(휃) with 휌′ ≠ 0, then the equations div (휌푢) = 0 and div 푢 = 0 imply that 푢 ⋅ 푒휃 = 0 and hence
푢 = ℎ1(푟, 휃)푒푟 for some scalar function ℎ1. The incompressibility div 푢 = 0 then implies
휕푟ℎ1 +
1
푟
ℎ1 = 0.
Thus ℎ1(푟, 휃) =
ℎ(휃)
푟
and 푢 = ℎ(휃)
푟
푒푟. It is straightforward to calculate
∇푢 =
1
푟4
(
−(푥2
1
− 푥2
2
)ℎ − 푥1푥2ℎ
′ −2푥1푥2ℎ + 푥
2
1
ℎ′
−2푥1푥2ℎ − 푥
2
2
ℎ′ (푥2
1
− 푥2
2
)ℎ + 푥1푥2ℎ
′
)
,
푆푢 = ∇푢 + ∇푇 푢 =
1
푟4
(
−2(푥2
1
− 푥2
2
)ℎ − 2푥1푥2ℎ
′ −4푥1푥2ℎ + (푥
2
1
− 푥2
2
)ℎ′
−4푥1푥2ℎ + (푥
2
1
− 푥2
2
)ℎ′ 2(푥2
1
− 푥2
2
)ℎ + 2푥1푥2ℎ
′
)
,
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and the quantities in (3.15). Thus the system (1.1) with 푓 = 0 reads as(
−휌
ℎ2
푟3
−
휕휃(휇휕휃ℎ)
푟3
+ 휕푟Π
)
푒푟 +
(
2
휕휃(휇ℎ)
푟3
−
1
푟
휕휃Π
)
푒휃 = 0. (3.17)
We derive from the above equation (3.17) in the 푒휃-direction that 휕휃Π = 2푟
−2휕휃(휇ℎ). Since 휇 = 휇(휃) and
ℎ = ℎ(휃), Π has the form
Π(푟, 휃) = 2푟−2(휇ℎ) + 훼(푟),
where 훼 is a function depending only on 푟. We substitute 휕푟Π = −
4
푟3
(휇ℎ) + 훼′(푟) into (3.17) to derive
휌ℎ2 + 휕휃(휇휕휃ℎ) + 4(휇ℎ) = 푟
3훼′(푟),
where the lefthand side depends only on 휃 and the righthand side depends only on 푟. Hence there exists 퐶 ∈ ℝ
such that (3.16) holds.
□
Example of a piecewise-constant viscosity coefficient
If (휌, 푢) = (휌(휃), ℎ(휃)
푟
푒푟) (not necessarily 휌
′ ≠ 0) solves the system (1.1) with 푓 = 0, then 푢 satisfies (3.16). Let
the viscosity coefficient 휇 be
휇 = 휇(휃) = 2ퟙ[0, 휋
4
) + ퟙ[ 휋
4
,
휋
2
]. (3.18)
Then (휌, 푢) = (휌(휃), ℎ(휃)
푟
푒푟) with ℎ(휃) satisfying the following
휕휃(휇휕휃ℎ) = 0, 휌ℎ + 4휇 = 0
is a solution of (1.1) with 푓 = 0, and in particular ℎ, 휌 can be taken as follows
휕휃ℎ =
−2
휇
= −ퟙ[0, 휋
4
) − 2ퟙ[ 휋
4
,
휋
2
], ℎ = (−
휋
2
− 휃)ퟙ[0, 휋
4
) + (−
휋
4
− 2휃)ퟙ[ 휋
4
,
휋
2
],
휌 = −
4휇
ℎ
such that 휇 = 푏(휌) holds.
This radial flow moves toward the origin and moves faster when closer to the origin. There are obviously other
solutions of form (휌, 푢) = (휌(휃), ℎ(휃)
푟
푒푟) to the system (1.1) with 푓 = 0 and the viscosity coefficient (3.18), and
we do not go to details here.
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